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Abstract. For d = 2, 3, . . . and p £ [1, oo), we define a class of representations 
p of the Leavitt algebra L d on spaces of the form L P (X, fi), which we call the 
spatial representations. We prove that for fixed d and p, the Banach algebra 
O v d = p{Ld) is the same for all spatial representations p. When p = 2, we 
recover the usual Cuntz algebra O d . We give a number of equivalent conditions 
for a representation to be spatial. We show that for distinct pi,P2 £ [L oo) and 
arbitrary d\,d2 6 {2,3,...}, there is no nonzero continuous homomorphism 
from 0" to O v ? . 



The algebras that we call the Leavitt algebras Ld (see Dehnition ll.il) are a special 
case of algebras introduced in characteristic 2 by Leavitt [2D], and generalized to 
arbitrary ground helds in [21]. The Cuntz algebra Od, introduced in jS], can be 
defined as the norm closure of the range of a "^-representation of Ld on a Hilbcrt 
space. (Cuntz did not define Od this way.) The Cuntz algebras have turned out 
to be one of the most fundamental families of examples of C*-algebras. Leavitt 
algebras were long obscure, but they have recently attracted renewed attention. 

In this paper we study the analogs of Cuntz algebras on L p spaces. That is, we 
consider the norm closure of the range of a representation of Ld on a space of the 
form L p (X,fi). It turns out that there is a rich theory of such algebras, of which 
we exhibit the beginning in this paper. 

Our main results are as follows. There are many possible L p analogs of Cuntz 
algebras (although we mostly do not know for sure that they really are essentially 
different), but there is a natural class of such algebras, namely those that come 
from what we call spatial representations (Definition I7.4[ f2"jl). Spatial representa- 
tions are those for which the standard generators form an L p analog of what is 
called a row isometry in multivariable operator theory on Hilbert space. (The sur- 
vey article [llj emphasizes the more general row contractions on Hilbert spaces, 
but row isometries also play a significant role. See especially Section 6.2 of [IT]-) 
We give a number of rather different equivalent conditions for a representation to 
be spatial — further evidence that this is a natural class. For fixed p £ [1, oo) \ {2}, 
we prove a uniqueness theorem: the Banach algebras coming from any two spa- 
tial representations are isometrically isomorphic via an isomorphism which sends 
the standard generators to the standard generators. We call the Banach algebra 
obtained this way O p d . The usual Cuntz algebra is O d . We further obtain a strong 
dependence on p. Specifically, for p\ ^ pi and any d\, c?2 S {2, 3, . . .}, there is no 
nonzero continuous homomorphism from to . 
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Some of our results are valid, with the same proofs, for the infinite Leavitt al- 
gebra Loo (which gives LP analogs of Ooo) and for the Cohn algebras (which give 
LP analogs of Cuntz's algebras Ed). In such cases, we include the corresponding re- 
sults. However, in many cases, the results, or at least the proofs, must be modified. 
We do not go in that direction in this paper. 

The methods here have little in common with C*-algebra methods. Indeed, the 
results on spatial representations have no analog for C*-algebras, and the result 
on nonexistence of nonzero continuous homomorphisms does not make sense if one 
only considers C*-algebras. Uniqueness of O p d is of course true when p — 2, but, as 
far as we can tell, our proof for p ^ 2 does not work when p = 2. 

This paper is organized as follows. In Section [lj we define Leavitt algebras and 
Cohn algebras, and give some basic facts about them which will be needed in the 
rest of the paper. In Section [21 we discuss representations on Banach spaces. We 
define several natural conditions on representations (weaker than being spatial). 
We describe ways to get new representations from old ones, some of which work 
in general and some of which are special to Leavitt and Cohn algebras. Section [3] 
contains a large collection of examples of representations on LP spaces. 

In Section[6]we develop the theory of (semi) spatial partial isometries on L p spaces 
associated to cr-finite measure spaces. The results here are the basic technical tools 
needed to prove our main results. Roughly speaking, a semispatial partial isometry 
from L P (X, /i) to L P (Y, v) comes from a map from a subset of Y to a subset of X. 
Lamperti's Theorem [18], which plays a key role, asserts that for p € (0, oo) \ {2}, 
every isometry from L p (X,ii) to LP(Y,v) is semispatial. 

It is unfortunately not really true that semispatial partial isometries from L P (X, /x) 
to L P (Y, v) come from point maps. Instead, they come from suitable homomor- 
phisms of a- algebras. For our theory of spatial partial isometries, we need a much 
more extensive theory of these than we have been able to find in the literature. In 
Section|4]we recall some standard facts about Boolean cr-algebras, and in Section[5] 
we discuss the maps on functions and measures induced by a suitable homomor- 
phism of the Boolean cr-algebras of measurable sets mod null sets. 

Sections [3 and [9] contain our main results. In Section we give equivalent 
conditions for representations of Leavitt algebras on LP spaces to be spatial. Along 
the way, we define spatial representations of the algebra Md of d x d matrices, and 
we give a number of equivalent conditions for a representation of Md to be spatial. 
In Section [51 we prove that and two spatial representations of the Leavitt algebra Ld 
on LP spaces give the same norm on Ld, and thus lead to isometrically isomorphic 
Banach algebras. In Section [9] we prove the nonexistence of nonzero continuous 
homomorphisms between the resulting algebras for different values of p. 

In |22) . we will show that O p d is an amenable purely infinite simple Banach 
algebra, and in [23], we will show that its topological K-theory is the same as for 
the ordinary Cuntz algebra Od- The methods in these papers are much closer to 
C*-algebra methods. 

Scalars will always be C. Much of what we do also works for real scalars. We 
use complex scalars for our proof of the equivalence of several of the conditions in 
Theorem 17.21 for a representation of Md to be spatial. We do not know whether 
complex scalars are really necessary. 

We have tried to make this paper accessible to operator algebraists who are not 
familiar with operators on spaces of the form L p (X,/j,). 
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1. Leavitt and Cohn algebras 

In this section, we define Leavitt algebras and some of their relatives. We describe 
a grading, a linear involution, and a conjugate linear involution. We give some useful 
computational lemmas. 

Definition 1.1. Let d G {2,3,4, . . .}. We define the Leavitt algebra Ld to be the 
universal complex associative algebra on generators si, Sg, . . . , Sd, t\,t%, ■ ■ ■ , td sat- 
isfying the relations 

(1.1) t 3 s 3 = l for j G {1,2,..., d}, 

(1.2) tjS k = for j,k G {1,2, . . .,d} with j ^ k, 
and 

d 

(1.3) I>*i = l- 

i=i 

These algebras were introduced in Section 3 of [20] (except that the base field 
there is Z/2Z), and they are simple (Theorem 2 of [21| . with an arbitrary choice of 
the field). 

Definition 1.2. Let d G {2,3,4,...}. We define the Cohn algebra Cd to be the 
universal complex associative algebra on generators si, S2, • ■ • , s<2, h, fo, ■ ■ ■ , td sat- 
isfying the relations ([L~Tj) and (TO]) (but not (TO)) ). 

These algebras are a special case of algebras introduced at the beginning of 
Section 5 of [5]. What we have called Cd is called in [8J, and also in [5] the 
field is allowed to be arbitrary. Our notation, and the name "Cohn algebra" , follow 
Definition 1.1 of [4], except that we specifically take the field to be C and suppress 
it in the notation. 

Definition 1.3. Let d G {2,3,4, . . .}. We define the (infinite) Leavitt algebra L^ 
to be the universal complex associative algebra on generators s%, S2, ■ . ■ ,t%, ti, . . . 
satisfying the relations 

(1.4) tjSj = 1 for j G Z >0 
and 

(1.5) tjSk — for j, k G Z>o with j =/= k. 

When it is necessary to distinguish the generators of Loo from those of Ld and Cd, 
we denote them by s^ 00 - 1 , , . . . , t ^ , 4 > 
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This algebra is simple, by Example 3.1 (ii) of [3]. 

Remark 1.4. The algebras Ld, Cd, and are all examples of Leavitt path 
algebras. For Ld see Example 1.4(iii) of [2], for Cd see Section 1.5 of p], and for 
Loo see Example 3.1(h) of [3]. (Warning: There are two possible conventions for 
the choice of the direction of the arrows in the graph, and both are in common use.) 

Lemma 1.5. Let Cd be as in Definition 11.21 and let Ld be as in Definition ll.l[ 
with the generators named as there (using the same names in both kinds of alge- 
bras). For d\, d,2 G {2, 3, 4, ... , oo} with d\ < 0I2, there is a unique homomorphism 
id!,rf 2 : C dl -> L d . 2 such that Cdi,d 2 ( s j) = s j and ^^(tj) = tj for j G {1,2, . . . ,di}. 
Moreover, id u d 2 is hrjective. 

Proof. Existence and uniqueness of Ld t .d 2 are immediate from the definitions of the 
algebras as universal algebras on generators and relations. 

We prove injectivity. We presume that there is a purely algebraic proof, but one 
can easily see this by comparing with the C*-algebras, following Remark [279] below. 
Let Ed x be the extended Cuntz algebra, as in Remark l2.9l There is a commutative 
diagram 



E dl ► O d2 . 

The left vertical map is injective by Theorem 7.3 of [25] and Remark 1 1.4i and the 
bottom horizontal map is well known to be injective. Therefore t £ z ll d 2 1S injective. 

□ 

Lemma 1.6. Let A be any of Ld (Definition II. ip . Cd (Definition 11.21) . or L^ 
(Definition IP]). 

(1) There exists a unique conjugate linear antimultiplicative involution a h- > a* 
on A such that s* = tj and t* = sj for all j. 

(2) There exists a unique linear antimultiplicative involution a h-> a' on A such 
that s'j — tj and tj = Sj for all j. 

The properties of a i— )• a* are just the algebraic properties of the adjoint of a 
complex matrix: 

(a + b)* = a* + 6*, (Aa)* = Aa*, (ab)* — b*a* , and (a*)* = a 

for all a, b e A and A 6 C. The properties of a i-4 a' are the same, except that it is 
linear: (Aa)' = Aa' for all a G A and A G C. 

Proof of Lemma \l.b\ See Remark 3.4 of |25j . where explicit formulas, valid for any 
graph algebra, are given, and Remark ll.4l Both parts may also be easily obtained 
using the universal properties of algebras on generators and relations: a h-> a is a 
homomorphism from A to its opposite algebra, and a H y a* is the composition of 
a M> a with a homomorphism from A to its complex conjugate algebra. □ 

One can get Lemma [r751 fT]) by using the fact (Theorem 7.3 of [3S] and Remark ll.4|) 
that there are injective maps from Ld, Cd, and L^ to C*-algebras which preserve 
the intended involution. (For Ld and L m , injectivity is automatic because the 
algebras are simple. See Remark 12.91 for definitions of ^representations on Hilbert 
spaces.) 
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Proposition 1.7. Let A be any of L<i (Definition II. ip . Cd (Definition II .2|) . or 
(Definition II. 3p . Then there is a unique Z-grading on A determined by 

deg(sj) = 1 and deg(tj) = — 1 

for all j. 

Proof. The proof is easy. (See after Definition 3.12 in [25].) □ 

We will need some of the finer algebraic structure of Ld, and associated notation. 
We roughly follow the beginning of Section 1 of [9j, starting with 1.1 of [9]. 

Notation 1.8. Let d £ {2, 3, 4, . . . , oo}, and let n £ Z>o- For d < oo, we define 
W* = {l,2,...,d}«, and we define W 7 f = (Z >0 ) n . Thus, W* is the set of all 
sequences a = (a(l), a(2), . . . , a(n)) with a(l) € {1,2, ...,d} (or a(l) £ Z >0 if 
d = oo) for I = 1, 2, . . . , n. We set 

oo 

= II W d n . 

71=0 

We call the elements of words (on {1,2,..., c?} or Z >0 as appropriate). If 
a £ W 7 ^, the length of a, written 1(a), is the unique number n E Z>o such that 
a G W^. Note that there is a unique word of length zero, namely the empty word, 
which we write as 0. For a £ and /3 G W^„, we denote by a/3 the concatenation, 
a word in W^ +n . 

Notation 1.9. Let A be any of Ld (Definition II. ip , Cd (Definition 11.21) . or L m 
(Definition lO)). Let n £ Z> , and let a = (a(l), a(2), . . . , a(n)) £ W%. If n > 1, 
we define s a , t a £ A by 

Sen = S a (l) s a(2) ' • ' S a (ii-l)S a (ii) and i a = £a(ri)ia(«.-l) " " ' *a(2)*a(l)- 

We take s = t = 1. 

For emphasis: in the definition of t a , we take the generators t a m in reverse 
order. We do this to get convenient formulas in Lemma I1.10t l3")l. In particular, 
when working with Cuntz algebras, one simply uses s* in place of tj, and we want 
to have s* = t a . 

Lemma 1.10. Let the notation be as in Notation 11.81 and Notation 11.91 

(1) Let a, (3 £ W^. Then s a p — s a S/3 and t a p = tpt a . 

(2) In the Z-grading on A of Proposition 11.71 we have deg(s Q ) = 1(a) and 
deg(i Q ) = -1(a) for all a £ W^. 

(3) Let a £ . Then the involutions of Lemma 11.61 satisfy s' a = s* = t a and 

t' — t* — s 

(4) Let 

01,02, • • • , o„ £ {sx,32, ■ ■ ■} U {tx,h, ■ ■ ■}■ 
Suppose Oi02---a n ^ 0. Then there exist unique a,/3 £ such that 
ai02 ■ • • a n — s a tp. 

(5) Let a, (3 £ satisfy 1(a) = l((3). Then tps a = 1 if a = /3, and tps a = 
otherwise. 

Proof. Parts (JT]), ([2}, ([3]), and ([5]) are obvious. (Part ([5]) is also in Lemma 1.2(b) 
of 0.) 

Using Part ©, we see that Part (|4]) is Lemma 1.3 of [9]. □ 
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Lemma 1.11. Let d G {2, 3, 4, . . .}, let Ld be as in Definition 1 and let m G Z>o- 
Then the collection {s a ii3) a ,pew d is a system of matrix units for a unital subalgebra 
of Ld isomorphic to M^™. That is, identifying ALjm with the linear maps on a vector 
space with basis WJ~, with matrix units e Q .^ for a,/3£ W!j^ : there is a unique 
homomorphism (p m : Mjm — > Ld such that V5 m (e Qi( g) = s a tp. 

Proof. We prove that ^2 aeW d s a t a — 1, by induction on m. The case m = 1 is 
relation (|1.3p in Dcfinition ll.il Assuming the result holds for to, use this and the 
case m = 1 at the last step to get 



The statement of the lemma now follows from Lemma I1.10lj 5j) , or is Proposi- 
tion 1.4 of 0. □ 

Lemma 1.12. Let d G {2,3,4,...}, let m G Z >0 , and let ai,a 2 , ■ ■ ■ ,a m G L^. 
Then there exist n G Z> , a finite set F C W^,, and numbers Xk.a,fs G C for 
= 1, 2, . . . , m, a G F, and /3 G W%, such that 

(1-6) a k = 2J 51 ^k,a,pS a tf3 

a£F p£W d 

for fc = 1, 2, . . . , to. 

Proof. Since ai, 02, . . • , a m are linear combinations of products of the Sj and t,-, it 
suffices to prove the statement when 01, 02, . . . , <J m a re products of the Sj and ij. 
By Lemma fl,10l| 4|). we may assume a k = s ak tp h with a k ,(3k G W^. Set 

n = max (Z^), Z(/3 2 ), l(0 m )). 
For fe = 1, 2, . . . , m, set ifc = n — Take 



F= |J {a fc a:aeWg}. 
fc=i 

Lemma Tl. Ill and Lemma fl . 1 If Tj) imply 

^•fe ^a k t/3 k ^ ^ 5 afc 5 a t a t^ fc ^ ^ S aka tfi ka . 

a£W, d aeW, d 
'h 'k 

This expression has the form in (jl.6p . □ 

Definition 1.13. Let A be any of Ld, Cd, or Loo. Let A = (Aj., A2, . . . , Ad) G C d . 
(For A — Lqo, take d — 00, take C d = ©Jli C, and take A = (Ai, A2, . . .).) Define 
s\ , t\ G A by 

d d 



In principle, this notation conflicts with Notation 11.91 but no confusion should 
arise. 

Lemma 1.14. Let the notation be as in Definition ECU Let A, 7 G C d . Then 



t\s~, 
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Proof. This is immediate from the relations tjSk = 1 for j = k and tjSk = for 
3 ±k. □ 

2. Representations on Banach spaces 

In this section, we discuss representations of Leavitt and Cohn algebras on Ba- 
nach spaces. Much of what we say makes sense for representations on general 
Banach spaces, but some only works for representations on spaces of the form 
L P (X, n). Some of the constructions work for general algebras, but some are special 
to representations of Leavitt and Cohn algebras. Some of what we do is intended 
primarily to establish notation and conventions. (For example, representations are 
required to be unital, and isomorphisms are required to be surjective.) 

All Banach spaces in this article will be over C. 

Notation 2.1. Let E and F be Banach spaces. We denote by L(E, F) the Banach 
space of all bounded linear operators from E to F, and by K(E, F) C L(E, F) the 
closed subspace of all compact linear operators from E to F. When E = F, we get 
the Banach algebra L(E) and the closed ideal K(E) C L(E). 

The following definition summarizes terminology for Banach spaces that we use. 
We will need both isometries and isomorphisms of Banach spaces. 

Definition 2.2. If E and F are Banach spaces, we say that a £ L(E, F) is an iso- 
morphism if a is bijcctive. (By the Open Mapping Theorem, a" 1 is also bounded.) 
If an isomorphism exists, we say E and F are isomorphic. 

We say that a £ L(E,F) is an isometry if ||a£|| = ||£|| for every £ £ E. (We do 
not require that a be surjective.) If there is a surjective isometry from E to F, we 
say that E and F are isometrically isomorphic. 

If A and B are Banach algebras, we say that a homomorphism ip: A — > B is an 
isomorphism if it is continuous and bijective. (By the Open Mapping Theorem, 
p^ 1 is also continuous.) If an isomorphism exists, we say A and B are isomorphic. 
If in addition <p is isometric, we call it an isometric isomorphism. If such a map 
exists, we say A and B are isometrically isomorphic. 

For emphasis (because some authors do not use this convention): isomorphisms 
are required to be surjective. 

The following notation for duals is intended to avoid conflict with the notation 
for adjoints. 

Notation 2.3. Let E be a Banach space. We denote by E' its dual Banach 
space L(E,C), consisting of all bounded linear functionals on E. If F is another 
Banach space and a £ L(E,F), we denote by a' the element of L(F',E') defined 
by o'(w)(0 = w(a£) for £ £ E and u £ F'. 

We will also need some notation for specific spaces. 

Notation 2.4. For any set S, we give l p (S) the usual meaning (using counting 
measure on S), and we take (as usual) l p = Z p (Z>o). For d £ Z>o and p £ [l,oo], 
we let l p d = l p ({l,2,...,d}). We further let Mf = L(l%) with the usual operator 
norm, and we algebraically identify M v d with the algebra Md of d x d complex 
matrices in the standard way. 
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We warn of a notational conflict. Many articles on Banach spaces use L p (X,p) 
rather than L p (X,p), and use l d for what we call l p d . Our convention is chosen to 
avoid conflict with the standard notation for the Leavitt algebra Ld of Dcfinition ll.il 

For fixed d, the norms on the various M p are of course equivalent, but they are 
not equal. The following example illustrates this. 

Example 2.5. Let d G Z>o. Let r\,p G C d , and let w v : C d — > C be the linear 
functional Lo n (£,) — J2j=iVj^j- Let a G ALj be the rank one operator given by 
a£ = w. f) (£)/j. Let p,q G [1, oo] satisfy | + ^ = 1, and regard a as an element of M%. 
Then one can calculate that ||a|| = ||/-t|| p ||?7||g- 

The following terminology and related observation will be used many times. 

Definition 2.6. Let (X, B, p) be a measure space and let p G [1, oo]. For a function 
£ G L P (X, p) (or, more generally, any measurable function on X) and a subset 
E c X, we will say that £ is supported in E if = for almost all x G X \ E. If 
/ is a countable set, and is a family of elements of L p (X,p) or measurable 

functions on X, we say that the £j have disjoint supports if there are disjoint subsets 
L; C X such that £j is supported in L^ for all i G L 

Remark 2.7. Let (X, /?, p) be a measure space, let p 6 [1, oo), let / be a countable 
set, and let & G L p (X,p), for i £ I, have disjoint supports. Then 



Definition 2.8. Let A be any unital complex algebra. Let -E be a nonzero Banach 
space. A representation of A on E is a unital algebra homomorphism from A to 



We do not say anything about continuity. We will mostly be interested in repre- 
sentations of Ld, Cd, and Loo, for which we do not use a topology on the algebra, 
or of Md, for which all representations are continuous by finite dimensionality. 

Remark 2.9. The well known representations of Ld, Cd, and Loo are those on a 
Hilbert space H. Choose any d isometries w%, W2, ■ ■ ■ , Wd G L(H) (or, for the case 
of Loo, isometries W\,ui2, ■ ■ ■ G L{H)) with orthogonal ranges. Then we obtain 
a representation p: Cd — > L(H) or p: L^ —> L(H) by setting p{sj) = wj and 
p(tj) — w* for all j. If d < oo and Xw=i w j w j = 1, we get a representation 
of Ld- These representations are even ^representations: making A a *-algebra as 
in Lemma [L~6lf Tl) . we have p(a*) = p(a)* for all a G A. 

The closures p(A) do not depend on the choice of p (in case A = Cd, provided 
p ( 1 — J2j—i s j s j) 7^ 0), and are the usual Cuntz algebra Od when A — Ld (in- 
cluding the case d — oo), and the extended Cuntz algebras Ed when A — Cd- See 
Theorem 1.12 of [9] for Ld and Loo, and see Lemma 3.1 of [10] for Cd- 

Further examples of representations of Ld, Cd, and Loo will be given in Section[3] 
Representations of Ld, Cd, and Loo have a kind of rigidity property. It is stronger 

for Ld than for the others: a representation is determined by the images of the Sj 

or by the images of the tj. 

Lemma 2.10. Let A be any of Ld (Definition [TTTJ) , Cd (Definition II .2j) . or Loo 
(Definition II .3j) . Let B be a unital algebra over C, and let (f,ip: Ld — > B be unital 




L(E). 
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homomorphisms such that for all j we have <p(sj) = ip( s j) an d ^(sjtj) = ip(sjtj). 
Then tp — tp. The same conclusion holds if we replace f(sj) = tp(sj) with ip{tj) = 

Proof. Assume tp(sj) = 4>( s j) f° r 3- Using the relations tjSjtj = tj at the first 
step and <p(tj)tp(sj) = 1 at the last step, we calculate: 

<p(tj) = ifiitjMsjtj) = fitjWisjtj) = (fitj^is^itj) = ip(tj)tp{sj)ij){tj) = if)(tj). 

The first statement follows. If instead f(tj) = ip(tj) for all j, similar reasoning 
(using SjtjSj = sj) gives 

tp{ Sj ) = (piSjtj^Sj) 

= ^(Sjtj)lf(Sj) = ^(s^tpitj^Sj) = ^(Sj^tj^Sj) = 1p(Sj). 

This completes the proof. □ 

Lemma 2.11. Let d 6 {2,3,4,...}, let B be a unital algebra over C, and let 
ip, tp: Ld — > B be unital homomorphisms such that <p(sj) = ip(sj) for j E {1, 2, . . . , d}. 
Then ip = tp. The same conclusion holds if we replace <p(sj) = ip( s j) with <p(tj) — 

Proof. For j e {1, 2, . . . , d}, define idempotents ej,fj G B by ej = ip(sjtj) and 
fj = ijj(sjtj). By Lemma f2.10l it suffices to show that ej = fj for all j. 

First assume that <p(sj) — ip(sj) for all j. Using this statement at the first and 
third steps, tjSk = for j ^ k at the second step, and Efc=i efc = 1 at the last 
step, we have 

d d 

(2.1) f jej = il){sjtjaj)<p{tj) = i>(sjtjS k )(p(tk) = ^ h e k = fj- 

k=l k=l 

If now j 7^ k, then 

fk£j = fk^j = 0. 
This equation, together with Efc=i A- = 1> gives 

d 

(2.2) ej= y £ f f k e j =f j e j . 

k=\ 

The proof is completed by combining (|2.ip and (|2.2p . 

Now assume that <p(tj) = ipitj) for all j. With similar justifications, we get 

d d 

f jej = ipis^ipitjSjtj) = Y ip(sk)(p(tkSjtj) = ^ h e j = e j- 

k=l k=l 

So for j ^ k we have fjek = fjfk^k = 0. Combining these results gives fj = 
E/Li fi e k = fjej, whence e 3 = f r □ 



The analog of Lemma [2. Ill for and Cd is false. See Example [ 
The following definition gives several natural conditions to ask of a representation 
of Ld, Cd, or Loc on a Banach space E. The condition in ([3]) is motivated by the 
following property of a *-representation p of Ld or Cd on a Hilbert space H (as in 
Remark l2.9[) : for Ai, A2, . . . , 6 C and £ £ H, we have 



(2.3) 



|(Ai,A 2) ...,A rf )|| 2 [[£||- 
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Iii Dcfiiiition l7.4l aiid Definition [721 we W1 U see further conditions on representations 
which are natural when E = L P (X, p). 

Definition 2.12. Let A be any of Ld (Definition II Cd (Definition II. 2\ or L M 
(Dcfiiiition II .3[) . Let E be a nonzero Banach space, and let p: A — > L(E) be a 
representation. 

(1) We say that p is contractive on generators if for every j, we have < 1 
and \\p(t 3 )\\ <1. 

(2) We say that p is forward isometric if p(sj) is an isometry for every j. 

(3) We say that p is strongly forward isometric if p is forward isometric and 
(following Definition I1.13[) for every A € C rf , the element p(sx) is a scalar 
multiple of an isometry. 

Remark 2.13. A representation which is contractive on generators is clearly for- 
ward isometric. 

A representation of Ld which is contractive on generators need not be strongly 
forward isometric. See Example 13.111 below. We will see in Example 13.51 below 
that a strongly forward isometric representation of L^ need not be contractive on 
generators. We do not know whether this can happen for Ld with d finite. 

We now describe several ways to make new representations from old ones. The 
first two (direct sums and tensoring with the identity on some other Banach space) 
work for representations of general algebras. They also work for more general 
choices of norms on the direct sum and tensor product than we consider here. For 
simplicity, we restrict to specific choices which are suitable for representations on 
spaces of the form L P (X, p). 

Lemma 2.14. Let A be a unital complex algebra, and let p e [1, oo]. Let n G Z>o, 
and for I = 1, 2, . . . , n let (Xi, Bi, pi) be a cr-finite measure space and let pi : A — >• 
L(L p (Xi, pi)) be a representation. Equip E = 0JLi L p {Xi 1 p{) with the norm 

llfe ) 6,...,en)||=(E" =1 ll^llp) 1/P - 
Then there is a unique representation p: A — > L(E) such that 

P(a)(£i, 6, •■•,£«) = (pi(a)£ii P2(a)6) Pn(a)£n) 
for a £ Ld and £ L p (Xi, pi) for I = 1, 2, . . . , n. If A is any of Ld-, Cd, or L^, and 
each pi is contractive on generators or forward isometric, then so is p. 

Proof. This is immediate. □ 

Remark 2.15. The norm used in Lemma 12.141 identifies E with L p (\J" =1 Xi) , 
using the obvious measure. We write this space as 

L p {X 1 ,p 1 ) © p L p (X 2 ,p 2 ) ® P •••©p L p (X n ,p n ). 

We write the representation p as 

P = Pi ©p P2 ©p • • • ©p Pn, 

and call it the p- direct sum of p\, p%, . . . , p n . 

Example 13.111 below shows that if pi, p 2 , ■ ■ ■ , p n are strongly forward isometric, 
it does not follow that p is strongly forward isometric. 

One can form a p-direct sum © ie j pi over an infinite index set / provided 
sup lGJ ||p,( a )ll < 00 f° r au a e A. 
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We now consider tensoring with the identity on some other Banach space. This 
requires the theory of tensor products of Banach spaces and of operators on them. 
We will consider only a very special case. 

Fix p G [l,oo). We need a tensor product, defined on pairs of Banach spaces 
both of the form L p (X,ii) for cr-finite measures /z, for which one has a canonical 
isometric identification 

L p (X,fi) ® L p {Y,v) = L p {X x Y, fi x v). 

(One can't reasonably expect something like this for p — 00.) The tensor product 

L p (X,n)® Ap L p (Y,v) 

described in Chapter 7 of |12j will serve our purpose. To simplify the notation, we 
simply write L P (X, fi) (g> p L P (Y, v). 

We note that there is a more general construction, the M-norm of [7], defined 
before (4) on page 3 of 7 . This norm is defined for the tensor product of a 
Banach lattice (this includes all spaces L p (X,fi) for all p) and a Banach space. 
Theorem 3.2(1) of [7] shows that whenever p G [l,oo) and (X,B,fi) is a finite 
measure space, then the completion of -E<8> a ig L P (X, fi) in this norm is isometrically 
isomorphic to the space of LP functions on X with values in E. In particular, 
regardless of the value of p, this norm gives the properties in Theorem 12.161 

Theorem 2.16. Let (X, and (Y,C,v) be cr-finite measure spaces. Let p G 
[l,oo). Write L p (X,n) ® p L P (Y, v) for the Banach space completed tensor prod- 
uct L P (X, fi)<3 Ap L p (Y, v) defined in 7.1 of [12]. Then there is a unique isometric 
isomorphism 

L p (X, fi) ® p L p (Y, v) L p (X xY,fiXu) 

which identifies, for every £ £ L p (X,fi) and 77 G L P (Y, v), the element £ <g> 77 with 
the function (x,y) i-> £,{x)r](y) on X x Y. Moreover: 

(1) Under the identification above, the linear span of all £ ® r/, for £ G i p (^, A«) 
and 77 G £ P (F, v), is dense in L P (I x F, (i x f). 

(2) U ® »7||p = ||eilpll»7||p for all £ G /i) and v G L P (F, 1/). 

(3) The tensor product (g> p is commutative and associative. 

(4) Let 

(Xi,Bi,fJ.i), (X 2 ,B 2 ,H2), (Yi,C!,vi), and (y 2 ,C 2 ,^ 2 ) 
be cr-finite measure spaces. Let 

aeL(l?(X u vn),If(X2,H2)) and b e L{L p {Y x , Vi ), L p {Y 2 ,v 2 )) . 

Then there exists a unique 

c G L(L p {X 1 x F X) Ml x Vl ), L p (X 2 x F 2 , /i 2 x v 2 )) 

such that, making the identification above, c(£ (g> 77) = a£ ® for all £ G 
L p (Xi, /ii) and f] G L p (Yi 7 V\). We call this operator a ® b. 

(5) The operator a ® 6 of satisfies ||o® 6|| = ||a|| • ||6||. 

(6) The tensor product of operators defined in Q is associative, bilinear, and 
satisfies (when the domains are appropriate) (ai£g>6i)(a 2 Cg}6 2 ) = aia 2 €5&i6 2 . 

Proof. The identification of L p {X^)® Ap L p {Y, v) is in 7.2 of [12]. Part p is part 
of the definition of a tensor product of Banach spaces. Part ([2]) is in 7.1 of |12) . 
Part (|3]) follows from the corresponding properties of products of measure spaces. 
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Parts flU and (0 are a special case of 7.9 of [12], or of Theorem 1.1 of [13]. Part ([6]) 
follows from part (j4]) and part (fT]) by examining what happens on elements of the 



In fact, the statements about tensor products of operators in Theorem 1 2 . 1 6t |4]) 
and Theorem 12. 16l[5|) are valid in considerably greater generality; see, for example, 
Theorem 1.1 of [14]. We need a slightly more general statement in the proof of the 
following lemma. 

Lemma 2.17. Let A be a unital complex algebra, let p G [1, oo), let (X,B,p) and 
(Y, C,v) be cr-finite measure spaces, and let p: A —> L(L P (X, p)) be a representa- 
tion. Then there is a unique representation p ® p 1: A — > L P (X x Y, p x v) such 
that, following Theorem 12. 16l[ 4l. we have (p<8> P l)(a) = p(a) <S> 1 for all a G A. This 
representation satisfies ||(p® p 1) (a.) || = ||p(ffl)|| for all a G A. If A is any of Ld, Cd, 
or Lqo, and p is any of contractive on generators, forward isometric, or strongly 
forward isometric, then so is p ® p 1. 

Proof. Existence of p ® p 1 and \\(p ® p l)(a)|| = ||p(a)|| follow from parts Q, ([5]), 
and © of Theorem l2.16l If A is one of Ld, C4, or L^ and p is contractive on gener- 
ators, then the norm equation implies that p® p 1 is also contractive on generators. 

To prove that p® p 1 is forward isometric or strongly forward isometric when p is, 
it suffices to prove that if s G L{L p (X,p)) is isometric (not necessarily surjective), 
then so is s ® 1 G L(L P (X X Y, p, X i^)). Let i? c L p (X,p) be the range of s. 
Let t: E — > L p {X,p) be the inverse of the corestriction of s. Then ||t|| = 1. Let 
F C L P (X x Y, p x v) be the closed linear span of all £ <X> 77 with £ G -E and 
7? G LP(F, !/). Then Theorem 1.1 of [14] implies that t ® 1: F ^ L P (X x Y, p x is) 
is defined and satisfies \\t <E) 1| =1. Since ||s CS> 1|| = 1 and (£ €5 l)(s ® 1) = 1, this 
implies that s ® 1 is isometric. □ 

In the proof of Lemma T2.171 we could also have used Lamperti's Theorem (The- 
orem [622 below) instead of Theorem 1.1 of [14] to show that \\t ® 1|| = 1. 

Finally, we present constructions of new representations that are special to the 
kinds of algebras we consider. They will play important technical roles. 

Lemma 2.18. Let d G {2,3,4,...}, let E be a nonzero Banach space, and let 
p: Ld —> L(E) be a representation. Let u G L(E) be invertible. Then there is a 
unique representation p u : L d — » L(E) such that for j = 1, 2, . . . , d we have 

p u (sj) — up(sj) and p u (tj) — p(tj)u~ l . 

Assume further that u is isometric. If p is contractive on generators, forward 
isometric, or strongly forward isometric (Definition 12 . 1 2[) . then so is p u . 

Proof. For the first part, we check the relations . (|1.2[) . and (|1.3[) in Dcfini- 
tion ll.lt For j G {1, 2, . . . , d} we have 

[p(*j)u _1 ][«p(sj)] = p(tj)p(sj) = 1, 
for distinct j, fc G {1,2,..., <i} we have 

[pfe)" _1 ][ u P( s fe)] = P{ t ])p{sk) = 0, 

and we have 



form £ (8> 77. 



□ 
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The second part follows directly from the definitions of the conditions on the 
representation. □ 

For representations of Cd and Loo, we only need one sided invertibility. 

Lemma 2.19. Let d S {2,3,4,...}, let £ be a nonzero Banach space, and let 
p: Cd — > L(E) be a representation. Let u,v € L(E) satisfy vu = 1. Then there is a 
unique representation p u,v : C d — > L(E) such that for j = 1, 2, . . . , d we have 

p^{s 3 ) = up{s 3 ) and p^(t j )=p(t j )v. 

If u is an isometry and p is forward isometric or strongly forward isometric, then 
so is p u,v . If ||it||, \\v\\ < 1 and p is contractive on generators, then so is p u,v . 

Proof. The proof is essentially the same as that of Lemma [2.181 using the relations 
and (|1.2j) in Definition 11.11 (see Definition II .2j) . Since no relation involves Sjtj, 
we do not need to have uv = 1. □ 

Lemma 2.20. Let p: L M — > L{E) be a representation. Let u, v S L(E) satisfy 
vu = 1. Then there is a unique representation p 11 '" : L m — >• L(L) such that for 
j = 1, 2, ... we have 

/j"^( Si ) = upfo) and p"' 1 '^-) = p{tj)v. 

If it is an isometry and p is forward isometric or strongly forward isometric, then 
so is p u,v . If ||it||, \\v || < 1 and p is contractive on generators, then so is p u,v . 

Proof. The proof is the same as that of Lemma 12.191 using the relations (jl.4j) and 
(Oil in Definition O □ 



Examples 13.41 and 13.51 illustrate this construction. 

Lemma 2.21. Let A be any of Ld (Definition II . 1 j) . Cd (Definition II .2j) . or 
(Definition II .3j) . Let E be a nonzero Banach space, and let p: A — > L(-E) be a 
representation. Using Notation 12.31 and the notation of Lemma I1.6lf 2j) , define a 
function p' : A — J> L(E') by p'(a) = p(a')' . Then p' is a representation of A, called 
the dual of p. 



Proof. This follows from Lemma ll.6lf 2j). □ 

3. Examples of representations 

In this section, we give a number of examples of representations of Leavitt alge- 
bras on Banach spaces. These examples illustrate some of the possible behavior of 
representations. We begin with basic examples of representations on l p . 

Example 3.1. Fix p e [l,oo]. We take V = l p {Z >0 ). Let d £ {2,3,4,...}. Define 
functions fx, fc, ■ ■ ■ , fd- %>o -> ^>o by 

fd,j(n) = d{n - 1) + j 

for n £ Z>o- The functions f 3 - are injective and have disjoint ranges whose union 
is Z >0 . For j = 1,2,...,^ define v d>j ,w d>j £ L(P) by, for £ = ($(1), f(2), . . . ) £ l p 
and n £ Z>o, 

[VddOw = < ' dJ , ; and {wd,jO{n)=Z(fd,j(n)). 

n£T&iL{f d j) 
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Then Vdj is isometric, Wd,j is contractive, and there is a unique representation 
p: Ld^f L{l p ) such that 

p(sj) = v d j and p(tj) = w d j 

for j = 1,2,..., d. 

If we let S n G V be the sequence given by S n (n) — 1 and S n (m) = for m ^ n, 
then 

{Sf-i, \ n 6 ran(/rf j) 
n ^ /* \ 

n ^ ran(/ dji ) 

for all n G Z>o- For p G [1, oo), these formulas determine Vdj, Wdj G L(l p ) uniquely. 

The representation p is clearly contractive on generators (Definition l2.12[f Tj) ). 
One can check directly that p is strongly forward isometric (Definition I2.12[j 3"10. 
with 



\{Xi,M,...,\d)\\vU\\ 



(Or use Lemma \7 . 71 below. ) 

Example 3.2. Let the notation be as in Example 13.11 Then there is a unique 
representation ir: Cd L(l p ) such that 

n(sj) = v d+ ij and n(tj) = w d +ij 

for j = 1,2, ... ,d. Since Sj=i ^d+i^'^d+i, j 7^ 1) this representation does not de- 
scend to a representation of Ld- 

Example 3.3. Let p G [1, oo]. We obtain a representation p of L m on l p by the 
same method as in Examplc l3.1i taking fooj and Wooj to come from the functions 

./\ J/'i 2',/ 2' 1 

for j, n G Z>o- Again, this representation is contractive on generators and strongly 
forward isometric. 

In Example [231 the ranges of the p(sj) span a dense subspace of l p , except when 
p = oo. The following example shows that this need not be the case. 

Example 3.4. Let p G [1, oo]. Let p: L m L(l p ) be as in Example 13.31 Then 
there exists a unique representation ir: — > L(l p ) such that for 7f(sj) = p(sj+\) 
and 7r(ij) = p(tj + \) for all j G Z>o- Like /?, this representation is contractive on 
generators and strongly forward isometric. 

This example can be obtained from p by the method of Lemma 12.201 Define 
u, v G L{V>) by 

, ^ , x \£.(n/2) n is even , s 

= i n ■ aa and = ^ 

10 n is odd 

for £ G l p and n G Z>o- Using the notation of Example 13. 1[ for p ^ oo these are 
determined by 



u5 n = <5o n and uiL 



<^n/2 n is even 
n is odd. 
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Let p be as in Example 13. 3[ and let it be as in Example 13.41 We do not know 
whether the Banach algebras p(Loo) and 7r(Loo) are isometrically isomorphic, or 
even whether they are isomorphic. 

The representations of Example 13.31 and Example l3.4l are both very strongly tied 
to the structure of l p as a space of functions. (They are spatial in the sense of 
Definition I7.4[ |2"j) below.) The following example is less regular. 

Example 3.5. Let p £ [l,oo]. Let the notation be as in Example 13.31 and Exam- 
ple GEH Define y € L(l p ) by 



I £(2n) n is even 

I £(2n) + £(n) n is odd. 
Thus, in the notation of Example 13.11 we have 



In/2 

Sn n is odd. 



We have yu = 1, so, using Lemma r2.201 we obtain a representation a — p u ' y of L^. 

We have cr(sj) — ir(sj) for all j, but a(ti) ^ n(ti). Indeed, n(ti)(Si + S 2 ) = Si, 
but y{8\ + 82) — 25i, so a(ti)(Si + S 2 ) = 2S\. Thus the analog of Lemma [2. Ill for 
Loo is false. By restriction, it also fails for C4. 

The representation a is strongly forward isometric, since tt is. For p = 1, it is 
easy to check that \\y\\ < 1, from which it follows that a is contractive on generators. 
Now suppose p ^ 1. We saw above that a(ti){8\ + 62) = 2<5i . Taking - — when 
p = 00, we have 

\\a(ti)(5i + S 2 )\\ = 2 > = + 5 2 \\. 
So er is not contractive on generators. In particular, a strongly forward isometric 
representation of need not be contractive on generators. We do not know 
whether this can happen for representations of Ld when d is finite. 



Example 3.6. The restrictions of the representations of Examples l3.3[ 13.41 and !3.5l 

to the standard copy of Cd in (see Lemma [T75|) are representations of Cd on l p . 

In particular, strongly forward isometric does not imply contractive on generators 
for representations of Cd- 

Example 3.7. Let p: Ld ^ L(l p ) be as in Example 13.11 One immediately checks 
that there is a representation a: Ld — > L(l p ) such that for j = 1, 2, . . . , d, 

cr ( s j) = \p{ s o) and = 2 P(tj)- 

Then a has the property (part of the definition of being strongly forward isometric, 
Definition I2.12t[ 3"])) that for every A S C d , the element a(s\) is a scalar multiple 
of an isometry. Moreover, ||cr(sj)|| < 1 for j = 1,2, ...,d. Also, the values of a 
on Sjtj € Ld are the same as for the strongly forward isometric representation p. 
However, a is not strongly forward isometric. 

The Banach algebras p{Ld) and a(Ld) are isometrically isomorphic-in fact, they 
are equal. 

Taking u = ^, and following Lemma 12.181 we can write a = p u . 

Example 3.8. Let p: Ld L(l p ) be as in Example 13. 1[ and let a: Ld — ► L(l p ) be 
as in Example 13.71 Let it = p © p a be as in Remark 12.151 Then ||7r(sj)|| = 1 for 
j = 1, 2, . . . , d, but 7r is not forward isometric and not contractive on generators. 
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It seems unlikely that the Banach algebras p{Ld) and Tr(Ld) are isomorphic. 
Taking v — diag(l, ^) and using the notation of Lemma 12.181 we can write 

7T = (p® p p) V . 



Example 13. 81 was obtained using Lemma 12.181 with a diagonal scalar matrix. In 
the following example, we instead use a nondiagonalizable scalar matrix. We do 
not know how the Banach algebras obtained as the closures of the ranges differ. 



Example 3.9. Let p: Ld 
Remark H35l Set 



L(l p ) be as in Example 13.11 Let p © p p be as in 



e L(F ® p P). 

Let t be the representation r = (p(B P p) w of Lemma \2. 181 We have 



for j = 1,2,..., d. 



p( Sj ) 



and r(tj 



p(tj) -p(tj) 
p{tj) 



We now turn to a different kind of modification of our basic example, using 
automorphisms of Ld rather than Lemma r2.18l 



Example 3.10. Let d £ {2, 3,4, . . .} and let p e [1, oo]. Set lj = exp{2m/d). Let q 
be the conjugate exponent, that is, - + - = 1. For fc = 1, 2, . . . , d, define elements 
of L d by 

d d 

v k = d- 1/p and w k = d~ 1/q u ~ jkt 3 ■ 

i=i j=i 
(We take d~ x / p = 1 when p = oo and d~ x l q = 1 when p = 1.) It follows from 
Lemma ll. 141 that WjVk = 1 for j — k and WjVk — for j ^ fc. A computation shows 
that VkWk = 1. Therefore there is an endomorphism ip: Ld — > Ld such that 

f{sk) = Vk and ip(tk) — Wk for k = 1, 2, . . . , d. A computation shows that 

d d 

s/. : ti ■ ' ) :X J, 'vj and t k — dT x l v V^t 



Lji k Wj. 



3 = 1 



Therefore ip is bijective. 

It follows that whenever p is a representation of on a Banach space -E, then 
p o ip is also a representation. Moreover, (p o (p)(Ld) = p(Ld). 

Now take p to be as in Example 13.11 We claim that p o ip is contractive on gen- 
erators and strongly forward isometric. To prove this, it is convenient to introduce 
the matrix 



(Uj, k ) 



j,k=i 



( 



UJ 

V i 



,d-2 



jd-1 
4-2 



UJ 

1 



1\ 

1 



V 



We then have 



d 
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Therefore, for A = (Ai, A2, • • • , Xd) £ C d , and following Definition 11.131 

d d d 

<fi{s\) = X! X] ^ku 3i ksj = ^2(uX)jSj = s u \. 
k=l]=l j=l 

So, for A e C d and £, £l p , Example |3~T1 implies that 

\\(p°v)(sx)a P = hM\ P U\\ P - 

In particular, taking A = Sj, for p^oowe get 

ii(po^(*i)eiip = Hiiipiieiip= [d- i Yf k= y k \ p ) 1/P u\\p = u\\ P - 

One also checks that ||m^ || p = 1 when p = 00. We conclude that p o tp is strongly 
forward isometric. 

It remains to prove that p o ip is contractive on generators. Assume p ^ 1, 00. 
Let £ = (£(1), £(2), . . .) g /p. Let w dJ be as in ExampleO Then 

d d oo 00 

E iK^ns = E E l» - !) + ^ p = E i^ m )i p = ii^iip- 

j — l j — 1 n— 1 m— 1 

Now, for fc € {1, 2, ... , d}, we get, using Holder's inequality at the second step and 
| w -J fc | — l at the third step, 

\\{p^){m\\ p p =d-^YT , Y? ,^ k MH 

^ * — ^m— 1 * — ^j — 1 

^ ^El, (Etxi-^i 9 )^ (EtiK^-^^r 
=d- p/ ^^2\\w d ^r P = ur P . 

Thus p is contractive on generators. Easier calculations show that p is contractive 
on generators when p = 1 and p = 00 as well. 

For p 6 [1, cxd) \ {2}, we claim that, unlike the representation p of Example l3.18l 
we have in general ||(p o <p)(sa)£|| p 7^ H'MlpllClly Since we have already seen that 
||(P°¥>)(sa)£||j> = ||uA||p||£|| p , it suffices to find some A e C d such that ||uA|| p 7^ ||A|| p . 

For an explicit easily checked example, take d = 2, p = 3, and A = (1, 2). Then 

||A||P = l + 2 p = 9, wA = 2- 1 / 3 (l,3), and \\uX\\ p p = 1(1 + 3 P ) = 14. 

For arbitrary p S [l,oo) \ {2} and arbitrary d, define a: M p d — > -M^) by 
cr(a) = uau^ 1 for a G Af^. Let e^fc G be the usual matrix unit. Then one 
checks that o^e^i) is not multiplication by any characteristic function. This vio- 
lates condition ([5]) in Theorem 17.21 below. Therefore a is not isometric. So u is not 
isometric. 

In the following examples derived from Example 13.101 we exclude p — 2 and 
p = 00. When p = 2, we do not get new behavior for the closure of the image of Ld- 
We have not checked what happens when p = 00. 
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Example 3.11. Let d G {2,3,4,...} and let p G [l,oo) \ {2}. Let p be as in 
Example 13. 11 and let (p and p o ip be as in Example 13. 101 Let 7r = p ® p (p o ip), as in 
Remark 12.151 Then tt is forward isometric and contractive on generators because 
p and p o tp are. However, for 2, Example 13.81 and Example 13.11 show that there 
is A G C d and £ G Z p such that ||p(sa)<S;|| 7^ ||(/?° V 3 )( s a)CII- Therefore ir(s\) is not a 
scalar multiple of an isometry, so tt is not strongly forward isometric. 

We do not know whether the Banach algebras p(L d ) and ir(Ld) are isomorphic. 

There are more complicated versions of Example 13.101 which also give represen- 
tations which are strongly forward isometric and contractive on generators. For 
example, one might split the generators into families and treat each family sepa- 
rately in the manner of Example 13.101 We give three special cases which are easy 
to write down and which we want for specific purposes. 

Example 3.12. Let d = 3, let p G [l,oo) \ {2}, and let p be as in Example 13.11 
with this choice of d. There is a unique automorphism ip of L3 such that 

^(si) = si, #* 2 ) = 2- 1 /f( 82 + 83 ), 0( S3 ) = 2" 1 /p( S2 - a 3 ), 

and 

^{t x )=t u t£(*2) =2- 1 /«(i 2 +t 3 ), 4>(t 3 ) =2- 1 /i(t 2 -t 3 ). 
Then p o ip is strongly forward isometric, with 

\\(p°ip)(sx)Z\\p = (|Ai| p + ||A 2 + A 3 r + ||A 2 - X,\ P ) 1/P U\\ P , 

and contractive on generators. Moreover, a — p © p (p otp), as in Remark I2.151 is 
forward isometric and contractive on generators, but not strongly forward isometric. 

Letting tt be as in Example I3.11I with d — 3, we do not know whether the 
Banach algebras a(L 3 ) and 7r(I/3) are isomorphic. We do note that 7r(i>3) has an 
isometric automorphism which cyclically permutes the elements n(sj), but there is 
no isometric automorphism of u{L 3 ) which does this. Possibly there isn't even any 
continuous automorphism of a(L 3 ) which does this. 

Example 3.13. Let p G [1, 00) \ {2}. Let d , n G {2, 3, . . .}. Set d = nd . In L d , 
call the standard generators Sj >m and tj tTn for j = 1, 2, . . . , do and m = 1, 2, . . . , n. 
By reasoning similar to that of Example 13.101 there is an automorphism a of Ld 
such that, for j = 1, 2, . . . , do and I = 1, 2, . . . , n, we have 

d d 
(3.1) a(s fe , m ) -d- 1/p ^^' fc Sj , m and a{t k>m ) = cT 1 ^ ]T u^Hj, m . 

3=1 i=i 
Take p to be as in Example 13.11 Then p o a is a representation of L,i which is 
strongly forward isometric and contractive on generators, and for which one has 
(poa)(L d ) = p(L d ) but, in general, || (p o a)(s\)£ \\ p ^ ||A|| p ||^||p. 

We presume that p ® p (p o a) is essentially different from both p and the repre- 
sentation p® P {poip) of Example 13 . 1 ll However, we do not have a proof of anything 
like this. 

Example 3.14. Let the notation be as in Example 13. 131 Define a homomorphism 
/3: C do -)• L d by /3(sj) = s jA and /3(tj) = tj tl for j = 1,2,. ..,d . Then p o (3 
is a representation of C do which is strongly forward isometric and contractive on 
generators, and for which one has ||(po P)(s\)£\\ p — ||A|jp||^|| p for A G C d ° and 
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The next example is the analog of Example 13.131 for . 

Example 3.15. Let p G [l,oo) \ {2} and let do £ {2,3,...}. In L^, call the 
standard generators Sj jm and tj^ m for j = 1, 2, . . . , do and m G Z>o- Then there is 
an automorphism a of L M defined by the formula (|3.ip . but now for j — 1, 2, . . . , do 
and m G Z >0 . 

Take p to be as in Example 13.31 Then p o a is a representation of L m which 
is strongly forward isometric and contractive on generators, and for which one has 
(poa)(L oc ) = p(L oc ) but, in general, \\(p o a){s x )£\\ P + ||A||p||£|| p . 

We can then form the direct sum representation 7r = p(B p (poa) as in Remark l2.15l 
We do not know whether ^(Lqo) is isomorphic to p(Loo) as a Banach algebra. 

Example 3.16. Let the notation be as in Example l3.15l Define a homomorphism 
/3 from L x (with conventionally named generators) to (with generators named 
as in Example I3.15P by /3(sj) = Sji and /3(tj) — tji for j = 1,2,..., do- Then 
p o /3 is a representation of which is strongly forward isometric and contractive 
on generators, and for which one has \\{p o (3){s\)£_\\ p — ||A||p||^|| p for A G C°° and 
G V . We do not know whether (p o /3)(L oc ) is isomorphic to p(£oo) as a Banach 
algebra. 

Remark 3.17. Example l3.10l is based on the Fourier transform from functions on 
TLd to functions on Z^. We have not investigated the possibility of using other finite 
abelian groups. 

We finish this section with basic examples of representations on L p ([0, 1]). 

Example 3.18. Let d G {2, 3,4, . . .} and let p G [1, oo]. For j = 1, 2, . . . , d, define 
a function 

by gj(x) = d _1 (j + x — 1). Then we claim that there is a unique representation 
p: L d -> L(LP([0,1])) such that for j = 1, 2, . . . , d, x G [0,1], and C G i p ([0,l]) we 
have 

otherwise 



(P(*i)£)(a0 
and 



The proof of the claim is a straightforward verification that the proposed oper- 
ators p(sj) and p(tj) satisfy the defining relations for in Definition ll.il 

It is easy to check that p is contractive on generators and is forward isometric. 
In fact, p is strongly forward isometric. This follows from general theory. (See 
Lemma [7751 below. ) But it is also easily checked, using Remark 12.71 that for A G C d 
and i G &{[0, 1]), we have \\p{8 X )t\\ P = \\M\pUWp- 

Example 3.19. Let p G [1, oo]. We give an example of a representation of on 
L p ([0, 1]). In the following, if p = oo then expressions with p in the denominator 
are taken to be zero. 

For j G Z>o, define a function 

" 1 1 
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by fj(x) = 2 J (l+x). Then we claim that there is a unique representation p : Loo — > 
L(LP([0, 1])) such that for j e Z >0 , x € [0, 1], and £ e D>([0, 1]) we have 



The proof of the claim is a straightforward verification that the proposed operators 
p(sj) and p(tj) satisfy the defining relations for L m in Definition 11.31 

One can check that p is contractive on generators and forward isometric. (We 
will see in Lemma 17.91 below that it is in fact strongly forward isometric.) 



In this section and the next, we describe the background for the characterization, 
due to Lamperti, of isometries on L p (X,p). Parts of this material can be found in 
Section 1 of Chapter X of [T3] and in Lamperti's paper [TB], but these references 
contain only enough to state and prove the characterization theorem, not enough 
to make serious use of it. A somewhat more systematic presentation can be found 
in Chapter 15 of [53], especially Section 2, and we use the terminology from there, 
but we need more than is there, and the form in which it is presented there makes 
citation of specific results difficult. 

For this section, on abstract Boolean cr-algebras, we follow [TB] and just state the 
basic results. (However, we use notation more suggestive of unions and intersections 
than the notation of [TB]: our E V F is E + F there, our E A F is E ■ F there, and 
our E' is — E there.) 

Definition 4.1 (Definition 1.1 of [16]). A Boolean algebra is a set B with two 
commutative associative binary operations (E, F) h-> E V F and (E, F) 4 £ A F, 
a unary operation E n- E', and distinguished elements and 1, satisfying the 
following for all E,F,G <E B: 

(1) E V (E A F) = E and E A (E V F) = E. 

(2) E A (F V G) = (E A F) V (E A G) and E V (F A G) = (E V F) A (E V G). 

(3) EVE' = 1 and E A E' = 0. 

Subalgebras and homomorphisms of Boolean algebras have the obvious mean- 
ings. (See Definitions 1.7 and 1.3 of |16|.) 

Example 4.2. The standard example is the power set V(X) of a set X, with 
EVF = EUF, E A F = E D F, E' = X\E, = 0. and 1 = X. 

We therefore refer to the operations in a Boolean algebra as union, intersection, 
and complementation. 

Proofs that the axioms imply the other expected properties can be found in 
Section 1.5 of [16 . However, for the purposes of finite algebraic manipulations, it 
is easier to rely on the following theorem, which implies that all finite identities 
which hold among sets also hold in any Boolean algebra. 

Theorem 4.3 (Theorem 2.1 of p2])- Let B be a Boolean algebra. Then there 
exists a set X and an isomorphism of B with a Boolean subalgebra of V(X). 




otherwise 



and 



(p(t j )t)(x)=2-V*t(f J {x)). 



4. Boolean ct-algebras 
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Definition 4.4. Let B be a Boolean algebra, and let F, F £ B. We define E < F 
to mean E AF = E. We say that E and F are disjoint if E A F = 0. We define the 
symmetric difference of F and F to be 

E A F = (E A F') V (E' A F). 

In V(X), disjointness means that the intersection is empty, F < F means E C F, 
and symmetric difference has its usual meaning. Thus, by Theorem l4.3l the relation 
of Definition 14.41 is a partial order on B, in which is the least element and 1 is the 
greatest element. In particular, if E < F and F < F, then E = F. 

Definition 4.5 (Section 15.2 of [24). A Boolean a-algebra is a Boolean algebra B 
in which whenever Ex,E2, ■ ■ ■ £ B, then there is a least element E £ B such that 
E n < E for all n £ Z >0 . 

In Definition 1.28 of [16], a Boolean cr- algebra is called a cr-complete Boolean 
algebra. (It is also required that greatest lower bounds of countable collections 
exist, but this follows from Definition 14.51 by complementation.) 



Definition 4.6. Let B be a Boolean er-algebra. The element E in Definition 
is denoted V^Li E n . We call it the union of the E n . We further define A^Li E n — 
(Vn'Li E' n )' , and call it the intersection of the E n . 

The operations Vn=i En and t\n=i En behave as expected. (This is not proved 
in [24], but is proved in [TB].) 

Lemma 4.7. Let B be a Boolean cr-algebra. 

(1) Let E 1 ,E 2 ,... £ £>. Then 

(oo \ oo / oo \ oo 

V F n = AK and /\ E n = V/ S;. 
n— 1 / 71—1 \ n — 1 / n— 1 

(2) Let Ex,E 2 ,...,F e B. Then 

OO OO OO OO 

FV V/ £„= V/ (FV E n ) and F A \f E n = \f (F A E n ), 

7i—l 7i—l n—1 n—1 

and 

oo oo oo oo 

FV f\E n = /\ (F V F„) and F A /\ F„ - /\ (F A F„). 

n—1 n—1 n—1 n—1 

(3) Let B m , n G B for m, n G ^>o- Then 

oooo oooo oooo oooo 

V V E ™>™ = V V En >™ and A A = A A 

m— 1 n—1 m— 1 n—1 m— 1 n—1 m— 1 n—1 

Proof. These statements all follow easily from the various parts of Lemma 1.33 
of [16], or from their duals (stated afterwards). □ 

Example 4.8. Let X be a set. Then a cr-algebra of subsets of X is a Boolean 
cr-algebra. 

We introduce a- homomorphisms and er-ideals. In |16j . they are called cr-complete 
homomorphisms (Definition 5.1 of [16 ) and cr-complete ideals (Definition 5.19 

of[is|). 
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Definition 4.9. Let B and C be Boolean cr-algebras. A a -homomorphism from B 
to C is a function S : B — > C which is a homomorphism of Boolean algebras in the 
obvious sense, and moreover such that whenever E\, E2, ■ ■ ■ G B then 



Lemma 4.10. The cr-homomorphisms of Definition 14.91 have the following proper- 
ties. 

(1) The composition of two cr-homomorphisms is a cr-homomorphism. 

(2) A a- homomorphism preserves order and disjointness (as in Definition 14. 4|) . 

(3) A cr-homomorphism S is injective if and only if S(E) = implies E = 0. 

Proof. The first part is obvious, and the second is easy. The nontrivial direction 
of the third part is proved by considering symmetric differences. (See Lemma 5.3 



Definition 4.11. Let B be a Boolean cr-algebra. A a -ideal in B is a subset Af C B 
which is closed under countable unions, such that G Af, and such that whenever 
E e B and F E Af satisfy E C F, then E € Af. 

The standard example is as follows. 

Example 4.12. Let X be a set, and let B be a cr-algebra on X. Let n be a measure 
with domain B. Then 



is a cr-ideal in B. 

Definition 4.13. Let B be a Boolean er-algebra. If Af C B is a cr-ideal, we define 
E ~ F to mean E A F e Af. We define B/W to be the quotient set of B by ~ . If 
E E B, we write for its image in B/Af. 

Lemma 4.14. Let the notation be as in Definition 14. 131 Then ~ is an equivalence 
relation, the obvious induced operations on B/Af are well defined and make B/Af 
a Boolean cr-algebra, and E h4 [E] is a surjective cr-homomorphism. 

Proof. This is outlined in Section 15.2 of [24], and is contained in Lemma 5.22 
of [16] and the remark after its proof. □ 

We finish this section with a lemma which will be needed later. 

Lemma 4.15. Let B be a Boolean cr-algebra, and let Af C B be a cr-ideal. Suppose 
E\,E2,... G £>/0V are pairwise disjoint (Definition I4.4[) . Then there exist disjoint 
elements e[ 0) ,E^ 0) , ...gB such that [^i 0) ] = E n for all n G Z >0 . 

Proof. We first show that if E,F G £>/A/" are disjoint, then there exist disjoint 
-Bo, -Fb G B such that [J5 ] = E and B = F. Choose any E G B such that [£ ] = E 
and any K £ B such that [if] = F. Then [K AE ] = 0, so we can take F = K AE' Q . 

Now we prove the statement. For m ^ n choose disjoint elements S m , n , T m ^ n G B 
such that [5 mi „] = E m and [T mj „] = E n . Then take 




of Eg.) 



□ 



Af(ti) = {EeB: fi{E)=0} 



£(0) 

n 



feez >0 \{n} 



This completes the proof. 



□ 
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5. Measurable set transformations 

In this section, we consider measure spaces {X, B, fi) and (Y, C, v), and a suitable 
cr-homomorphism S : B/Af(fj,) — > C/M{v). We describe how to use S to produce 
maps on measurable functions mod equality almost everywhere and on measures. 
The idea is not new; it can be found in [18j and (for functions, under stronger 
hypotheses) in Chapter X of [13] . However, we need much more than can be found 
in these references. 

First, we give some definitions and notation which will be frequently used later. 

Definition 5.1. Let (X,B,n) be a measure space. We denote by L (X,/i) the 
vector space of all complex valued measurable functions on X, mod the functions 
which vanish almost everywhere. We follow the usual convention of treating ele- 
ments of L°(X,n) as functions when convenient. If E E B, we denote by \e the 
characteristic function of E, which is a well defined element of L (X, //). 

Definition 5.2. Let (X, B, fi) be a measure space, and let N(n) be as in Exam- 
ple 0TTH For £ € L°(X, /i), we define the support of £ to be the element of B/Af(n) 
given as follows. Choose any actual function £o : X — > C whose class in L°(X,(i) 
is £, and set 

Bupp(0 = [{a:eX:&>(aO^O}]. 
Further, for E G B/Af(/J,), define \e £ L°(X,fi) to be the class of xe f° r an y 
E eB with [E ] = E, 

Definition 15.21 is a natural kind of strengthening of Definition 12.61 

Remark 5.3. In Definition 15.21 it is easy to check that supp(£) and xe are well 
defined. Clearly £ is supported in E, in the sense of Definition 12.61 if and only if 

[E] > supp(£). 

The following definition and constructions based on it are adapted from the 
beginning of Section 1 in Chapter X of [13]. 

Definition 5.4. Let (X,B,/i) and (Y,C,v) be measure spaces, and let Af(n) and 
M{y) be as in Example 14.121 A measurable set trans formation from (X, B, fi) 
to (Y,C,v) is a cr-homomorphism (in the sense of Definition I4.9[) S: B/M(fi) 
C/J\f(y). By abuse of notation, we write S: (X,B,fi) (Y,C,v). For E E B, 
we also write, by abuse of notation, S(E) for some choice of F 6 C such that 

[F] = S([E]). Injectivity and surjectivity always refer to properties of the map 
S: B/N{n) -> C/N{v). We denote by rany(S') the collection of all subsets F e C 
such that [F] = S([E}) for some E E B. 

In |13j . a set transformation is taken to be a multivalued map from B to C, 
with possible values differing only up to a set of measure zero, and which preserves 
the appropriate set operations, that is, which defines a cr-homomorphism from 
B/Af(n) to C/M{v). Also, (X,B,fj,) = (Y,C,v), and the map is required to be 
measure preserving. In our situation, if S is injective, then at least the type of 
transformation in |13) sends sets of nonzero measure to sets of nonzero measure. 

At the beginning of Section 3 of [18] , what we call an injective cr-homomorphism 
is called a regular set isomorphism. The definition specifies a map of sets modulo 
null sets, although without formally defining an appropriate domain. It omits 
the requirement (implicit above) that S(X) = Y, but this is easily restored by 
replacing Y by S(X). We do not use the term "regular set isomorphism" because 
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such maps need not be surjective, and we need to consider cases in which they are 
not. Also, we are more careful with the formalism because we need to use such 
maps systematically. 

Lemma 5.5. Let the notation be as in Definition 15.41 Then rany(S') is a sub-cr- 
algebra of B. 

Proof. The proof is easy, and is omitted. □ 

Proposition 5.6. Let (X, B, /i) and (Y, C, v) be measure spaces. Let S: (X, £>, fi) — > 
(Y, C, v) be a measurable set transformation (Definition 15. 4p . Then (following the 
notation of Definition I5.1|) there is a unique linear map S 1 * : L°(X,/j,) — > L°(Y,u) 
such that: 

(1) S*( X e) = XS(E) for all E G B/Af(p). 

(2) Whenever (Cn)nez >0 is a sequence of measurable functions on X which con- 
verges pointwise almost everywhere [fi] to £, then — ^ S*(£) pointwise 
almost everywhere [v\. 

Moreover: 

(3) Let n 6 Z >0 , let / : C" — > C be continuous, and let fi, £2, • • • , fn £ L°(X, 11). 
Set tj(:c) = / f 2 (z)> • • for a; G X. Then 

&(»?)(») = f(s*(ti)(y), • - • , &.(£«)(»)) 

for almost all y 6 Y. (In particular, S 1 * preserves products and preserves 
arbitrary positive powers of the absolute value of a function.) 

(4) The range of S* is L°(Y, u\ lan(s) ). 

(5) 5* is injective if and only if S is injective. 

(6) Iff G L°{X,fi) and B C C is a Borel set, then 5([f _1 (S)]) = [S^f)" 1 ^)] . 

(7) Let (Z, V, A) be another measure space, and let T be a measurable set 
transformation from (Y, C, 1/) to (Z, £>, A). Then (T o S% =T,o5». 

For the proof, we use the following well known lemma. 

Lemma 5.7. Let (X,B,fi) be a measure space, and let (E a ) a ^Q be a family of 
measurable sets such that E a C Ep whenever a < j3, and such that 

P| E a = and [j E a = X. 

Then there exists a unique measurable function f : X — > K such that for all a G Q 
we have 

{2; G X: <a}c£ c{i£l: f(x) < a}. 
Moreover, for a 6 R we have 

{x£l:(W<a}= (J ^ 

/3eQn(-oo,a) 

and 

{xeX;^x)>a} = IJ 

/3GQn(a,oo) 

Proof. The first part of the statement is Lemma 9 in Chapter 11 of [24]. The last 
two equations follow easily. □ 
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Proof of Proposition \5.b\ We prove uniqueness. Let T%, T2 : L°(X, fj,) — > L°(Y, v) be 
linear and satisfy ([T]) and ([2j. It follows from linearity and ([TJ that whenever £ G 
L°(X,/j,) is a simple function, we have Ti(£) = 72(C) almost everywhere [v]. Since 
every measurable function is a pointwise limit of simple functions, this conclusion 
in fact holds for all £ <E L° (X, /j) . 

We now prove existence. We follow the construction on page 454 of [13], which 
is done under stronger hypotheses. The verification of linearity will be done as a 
special case of ©. 

First let £ G L°(X,(J,) be real valued. For a G Q define 

(5.1) £„ = {i^:(W<4 

Then the sets -E a satisfy the hypotheses of Lemma [5.71 For each a G Q, choose a 
set G C such that 

(5-2) [^]=SW 
Set 

(5.3) Do = f U ) H (Y \ 4°)) ) U U ( Y \ \J F^) . 

Then v{Do) — and the sets Fa fl (Y \ D ) C Y satisfy the the hypotheses of 
Lemma l5~7l with (V \ Do, C\y\d , ^|f\d ) in place of (X, B, /i). 

Choose any set Z? € C such that Do C D and ^ (-D) = 0. For a£Q define 



(5.4) 



>i 0) UL> a>0 
FL 0) n(Y\D) a<0. 



Then the sets F a C Y satisfy the the hypotheses of Lemma [5.71 with (Y,C,v) in 
place of (X,B,fi). So Lemma [5.71 provides a measurable function 77: Y — > R such 
that for all a G Q, we have 

(5.5) {y G Y: 77(2/) < a} C F Q C {y G Y : < a}. 

We define 5,(0 = rj. 

We claim that, up to equality almost everywhere [v], the function 77 does not 
depend on the choices made in its construction. First, if we replace D with D, and 
call the new function 77, then rj — r\ off D U D, and v{D U Z?) = 0. Now suppose 
that F^ -* is replaced by some other set F/i 0) G C such that [F/i 0) ] = SQFJ). 
Then v(F^ ] A F a 0) ) = for all a G Q. Let D be as in jO]), and define 5 



analogously, using F^ in place of F^ . Let 77 and 77 be the functions resulting from 
our construction, with the choice 

D = D = D DD U\J (F<® A F<®). 

We have 

n (y \ d) = F a °) n (y \ £>) 

for all a G Q, so also 

for all a G Q. It follows that rj — rj. This completes the proof of the claim. 
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We next claim that if £ = X)fc=i7feXBfcj with B\, B2, ■ ■ . , B n £ B, then (using 
the abuse of notation from Definition 15.41) we have 



s*(0 = 2ZikXs(B k )- 
fe=i 

To prove this, first suppose that B\, B2, . . . , B n are disjoint. Using Lemma 14.151 
choose disjoint sets C\, C%, . . . , C n £ C such that [Ck] = S([Bf.]) for k = 1,2, ... ,n. 
For a £ Q choose — U 7fc < Q Ck- Then the set Dq in the construction of 77 is 
empty. Taking D = gives 

n 

as desired. The general case is easily reduced to the disjoint case by using instead 
of the sets Bk all possible nonempty intersections E\ n E2 H ■ • • D E n in which Ek 
is either Bk or X\ Bk . This proves the claim. 

It follows immediately that Q holds when £1 , £2 > • • • > are real simple functions 
and / is a continuous function from R n to R. 

We now prove ([2|). Let (£n)ngz >0 t> e a sequence of real measurable functions 
on X, and suppose that — > £(x) almost everywhere [/i]. Changing the £„ and 

£ on a set of measure zero, we may assume that £ n (x) — > £(x) for all x £ X. For 
n £ Z >0 and a £ Q, let £„ :Ce , f££, and £>i 0) be the sets of [[ST]) , ([Oj) , and ([53)) 

for the construction of £*(£„), and let F Q , F^ ', and Do be the corresponding sets 
for £. Let a, /3 e Q satisfy a > (3. Since £(x) < a implies limsup,^^ £ n (x) < a 
and £(x) > a implies liminf„_ i . 00 £ n (x) > /3, we get 

00 00 00 00 

E a C (J p| F m , Q and X\F a C [J f] (X\F m>/3 ). 

n—1 m—n n—1 rn— n 

/ 00 00 \ 

fla=F<°)n y\u n 



Set 



and 



c^ = {Y\F^)n y\Q fl 



00 00 

(0) 

n—1 m—n 



Since 5 is a cr-homomorphism, v{B a ) — and v(C a ,p) = 0. 
Set 




Then ^ (-D) = 0. Using this choice of £>, define sets F n , a as in (|5.4I) for £ n and F Q 
for £, and let 77^ and 77 be the representatives the construction gives for S*(£ n ) and 

Let y £ Y \ D. We claim that 7y„ (y) — > 77(7/). This will complete the proof of ([2]) 
for real functions. 

To prove the claim, let e > 0, and choose a, (3 £ Q such that 

77(3/) - e < /3 < ry(y) < a < 77(7/) + e. 
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Then y G F a by f|5 . 5[) . Since y ^ B a , we have 



w e u n 

n=l m—n 

so (|5.5[) for rj n implies that there is n\ £ Z>o such that for all m > n\ we have 
Vm(y) < a. Then also r] m (y) < rj(y) + e. Furthermore, (15.51) implies y £ Fp, and 

y g C a £, so 

OO OO 

ye U fl ( Y \ F ^)- 

n—l m—n 

Using (|5.5|) for ry n , we get n 2 G Z>o such that for all m > 112 we have r? m (y) > (3 > 
r)(y) — e. We have thus shown that r] n (y) —> r](y), as desired. 

It now follows that <j3j> holds whenever £i, £2, • ■ • , are real measurable functions 
and / is a continuous function from R n to K, because ^1,^2, • ■ • ,£n are pointwise 
limits of real simple functions. 

We define S* on complex functions £ by £*(£) = 5*(Re(^))+i5*(Im(^)). It is easy 
to check that satisfies ([T]) and ©. For ©, first let /: C" — > M. be continuous. 
Define g : R 2 ™ -> K by 

g(si,h,s 2: t 2: ...,s n , t n ) = f(s\ + iti, s 2 + it 2 , ■ ■ ■ , s„ + if n ) 

for si,ti,S2,t2i ■■■■,s n ,t n G M. Set = f(£i(x), &(x), ■ ■ ■ ,€n(x)) for x e A". 
Then one checks that 

&(»/)(») =»(S.(Re(£i))(y), ^(Im(a))(y), . . . , S.(Re(£ n ))(y), S,(Im(£»))(tf)) 

= /(£.&)(!/), ...,S*(&,)(tf)) 

for y G Y, as desired. The extension to continuous functions /: C" — > C is now 
easy. 

We now prove (j4}. It suffices to show that a real valued measurable function 
A G L°(Y, ^lran(s)) i s m the range of S 1 *. For a G Q, define 

Ga — {y G Y; X(y) < a} G ran(S). 
Choose E { a 0} G B such that S([E a 0) ]) = [G a \. Define 

D=(x\u^))u(n^ o) 

\ ae<Q J \QGQ 

and set 



E a = 



^(X\D)n\J P<a Ef ) a<0. 

These sets satisfy the hypotheses of Lemma 15.71 Let £ be the function obtained 
from Lemma 15.71 One easily checks that E a = [Ja <a Ep for all a G Q, so the 
second part of Lemma \b . 71 implies that E a = {x € X : £(2) < a} for all aeQ. 

Since S is a cr-homomorphism and G a = lj^ <ct Gp for all a < /?, one easily checks 
that S([E a ]) = [G a ] for all a G Q. In the construction of S(£) at the beginning of 
the proof, we may therefore take Fa — G a for all aeQ, giving Dq = 0, and then 
we may take D — 0. Thus F a — G a for all a G Q. So r] = S*(£) satisfies f|5 . 5[) for 
all a G Q. Such a function is unique by Lemma f5.7[ and A is such a function, so 
S*(£) = A. This completes the proof of (j4]). 
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We next prove ((6]). Suppose first that £ is real valued. For aeQ, let 

£ Q = {x G X: £{x) < a} 

(as in (|5.ip). Choose G a CY such that [G a ] — S([E a ]) (as in (15.21) . where the set 
is called Fi 0) ). Set 



H = \ Y\\J G a )u \ p| G c 

and set 



«6Q / \aet 



F ( 0) = J H U U < Q G/3 a > 

" l(^\^)nU^G /J a<0. 

Since E a = Us< Q £7/g for all a G Q and S is a cr-homomorphism, we have [i 7 ! *'] — 
S([E a ]) for all a G Q. Therefore we may use the sets Fa in the construction of 
5*(£). This gives L> = 0- Take D = 0. So F a = F a °\ One easily checks that 
Fa = {J/3 <a Fjf^ for all a G Q. The second part of Lemma [5?71 therefore implies 
that F a = {y eY: S*(g)(y) < a} for all a G Q. We have verified that 

£1: <"}]) = [{l/^: < «}] 

for all a G Q. Since the collection {(— oo, a) : a G Q} generates the Borel cr-algebra 
and S is a cr-homomorphism, we have ([6]) for real valued £ and all Borel subsets 
of M. 

By considering real and imaginary parts separately, one sees that © holds for 
complex £ whenever B is the product of two Borel subsets of K. Such products 
generate the Borel subsets of C, so © holds for arbitrary B. 

For ([S]), first suppose that S is not injective. Then there is E G B such that 
H{E) + but S([E}) = [0]. So X e + but S*(xe) = 0. 

On the other hand, suppose is not injective. Then there is a nonzero £ G 
L°(X,/j,) such that <S*(£) = 0. By considering the positive or negative part of the 
real or imaginary part of £, we may assume that £ is nonnegative. Since £ ^ 0, 
there is e > such that the set E = {x G X : £(x) > e} satisfies fi(E) ^ 0. Using 
part (J6j) at the first step, we get 

[S(E)]=[{veY:S,(Z)>e}]=[0]. 

Therefore S is not injective. 

Part (J7J follows from uniqueness, since T* o S* and (T o 5), are both linear and 
satisfy (J) and ©■ □ 



Corollary 5.8. Let the notation be as in Proposition [521 an d assume in addition 
that n and v are cr-finite. Then the following are equivalent: 

(1) S is surjective. 

(2) : L°(X, fi) -> L°(Y, v) is surjective. 

(3) The range //)) contains xf for every F G C such that < oo. 

(4) For every F G C there are disjoint sets £i, E2, ■ ■ ■ G B with finite measure 
such that, with E — U^=i ^n> we bave S>(x.e) = xf- 

Proof. That ((T|) implies ([2j is Proposition [5^6lj4)l . That ((2j implies © is trivial. 

We prove that © implies (gj). Since v is cr-finite and S* preserves pointwise 
almost everywhere limits (Proposition I5.6l| 2l)'). it suffices to consider sets F with 
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v{F) < oo. Choose £ £ L°(X, fi) such that S»(f ) = xf- Set E = {x £ X : £(x) = 1}. 
Then S([E]) = [F] by Proposition I5.6t| 6|). Now use CT-finitcncss of /i to write 
E = U^L-l with (i(E n ) < oo for all n. 

Finally, we prove that (j4| implies ([1]). Let F £ C. Then §4$ implies that there is 
£ £ L°(X,fx) such that £*(£) = X f- Set£ = {a;el: £(a;) = 1}. Then £ G B and 
= [F] by Proposition EI®. □ 

Lemma 5.9. Let the notation be as in Definition 15.41 Let A be a measure on 
C such that A << v. Then there exists a unique measure 5* (A) on B such that 
whenever E £ B and F £ C satisfy [F] = SHE}), then S*(X)(E) = X(F). Moreover: 

(1) S*(A)«/i. 

(2) If a is another measure on C and a « A, then << 5* (A). 

(3) If S*(X) is CT-finite, then A is cr-finite. 

(4) For every nonnegative function £ G L° (X, fi) , and for every function f G 
L 1 ^ we have 



(5) If (X, B, /x) = (Y, C, i/) and S* is the identity map, then S*(X) = X. 

(6) Let (Z, T>, p) be another measure space, and let T be a measurable set 
transformation from (Y, C,v) to (Z,T>,p). Suppose a is a measure on T> 
such that cr << p. Then (ToS')*(cr) = S*(T*(a)). 

Proof. Uniqueness of S*(X) is obvious. For existence, we have to prove that S* (A) 
is well defined, satisfies S*(0) = 0, and is countably additive. The first follows 
from A << v, the second is immediate, and the third follows from the first together 
with Lemma [4.151 and Lemma F4 . 1 l T2|) . 
Parts (HJ), j2]), ©, and (JHJ) are clear. 

To prove ©, write X = \J™ =1 E n with S*{X){E n ) < oo for all n £ Z >0 . Choose 
F n £ C such that S{[E n }) = [F n ]. Then X(F n ) < oo. Therefore F = \J™ =1 F n is a 
subset of Y on which A is cr-finite. Also [Y \ F] = [0]. Since A << v, this implies 
that X(Y \ F) = 0. Therefore A is cr-finite. 

It remains to verify ([4J. It suffices to do so when £ is nonnegative. The result 
is immediate for simple functions. Choose a sequence (£n)n£Z >0 of nonnegative 
simple functions such that — > £ pointwise and £i < £2 < • ■ • pointwise. Propo- 
sition [5T6l(2j) implies that S*(£ n ) — > pointwise almost everywhere [1/], and 
Proposition I5.6I[ 5|) implies that 5*(£i) < S 1 *^) < ■*■ pointwise almost every- 
where [v]. Using A << v, S*(X) << fx, and the Monotone Convergence Theorem 
(twice), we get 



The converse to Lemma I5.9t| 3| is false. Take X = Z, take /i to be counting 
measure, take Y = Z x Z, take v to be counting measure, take A = v, and take 
S(E) = E x Z for E C X. 

We really need to push measures forwards rather than pull them back. 

Definition 5.10. Let the notation be as in Definition 15.41 and assume that S is 
injective. Let A be a measure defined on B which is absolutely continuous with 





This completes the proof. 



□ 
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respect to fi. Then we define 5* (A) to be the measure (S : )*(A) on the er-algebra 
ran(S). 

The measure S*(fj,) is called fi* in the statement of Theorem 3.1 of |18j . 
We need some notation. 

Notation 5.11. Let (X,B,/i) be a measure space, and let E £ B. We denote by 
B\e the er-algebra on E consisting of all F £ B such that F C E. We call it the 
restriction of B. 

If A is a measure defined on a cr-algebra B, and C C B is a er-algebra on a 
set E £ B, we write A|c for the restriction of A. If C = B\e 7 we just write X\e- 
When no confusion can arise, we often just write A. For example, for a measure 
space (X,B,fi), we often write L p (E,fi) rather than L P (E, h\e)- Also, we identify 
without comment L P (E, fi) as the subspace of L P (X, fi) consisting of those functions 
which vanish off E. 

Lemma 5.12. In the situation of Dcfinition l5.10[ the measures S*(fi) and ^| ran (s) 
are mutually absolutely continuous. 

Proof. We have S*((J,) « v\ Tail (s) by Lemma l5l)lfT]) . Also, 5*(5*(^| ran (5))) = 
Hran(S) by Parts (J5j) and ((6|) of Lemma 15. 9\ and 5 , *(^| ra n(s)) << A* by Part (HJ of 
Lemma 1531 so ^| ran (S) << S*(/j,) by Part ([2]) of Lemma 15 91 □ 

We summarize some standard computations. 

Corollary 5.13. Let (X,B,fi) and (Y,C, v) be cr-finite measure spaces, and let S 
be a bijective measurable set transformation from (X, B,n) to (Y,C,^). Set 

d(S*(p)) 



h = 



dv 



£L°(Y,v). 



Then h has values in (0, oo) almost everywhere [v], and 



dfi 



Moreover, whenever £ £ L°(X,n) is nonnegative, or one of the integrals in the 
following exists (in which case they all do), we have 



£d(i 



x 



S*(Q d{S*(n)) 



S*(£,)hdL>. 



Proof. This follows from Lemma I5.9tp|) for S and S 1 , combined with standard 
properties of Radon- Nikodym derivatives and Proposition [5^6113]) . □ 

Corollary 5.14. Let (X,B,fi) and (Y,C,i>) be cr-finite measure spaces, and let S 
be a bijective measurable set transformation from (X, B, /i) to (Y, C, v). 

(1) Let A be a cr-finite measure on (X,B) such that A << /i. Then 5* (A) is 
cr-finite and S*(\) <<v. 

(2) Let A and a be cr-finite measures on (X, B) such that er, A, and /i are 
all mutually absolutely continuous. Then 5»(cr), 5* (A), and are all 
mutually absolutely continuous, and 



dS* (a) 



_dS*{\) 
almost everywhere [5* (A)]. 



da 
dX 
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Proof. For ©, set r = 5* (A). Then r = (5 _1 )*(A), so S*{t) = A by Lemma ESP- 
Therefore Lemma l5~9lf 3|) implies that r is <r- finite, and it follows from Lemma l5~9lf T]) , 
applied to S^ 1 , that 5* (A) « fj,. 

We prove @. Mutual absolute continuity follows from Lemma HT9t |2j). applied to 
S . In particular, we can use Corollarv l5. 131 with a and A in place of [i. Next, since 
the measures are a- finite by the required Radon- Nikodym derivatives exist. We 
then prove the result by showing that 



V ■ 5* 



da 
dX 



dS.(A) 



rj dS** (a) 



for all nonnegative rj G i (V) f). By Corollarv l5.8lf 2"T). we may assume that rj = 
for some £ G L°(X,fj,). We may take £ to be nonnegative by Proposition I5.6lp |). 
Using Corollary 15.131 for (AT, B, a) and Proposition I5.6t| 3)l at the first step, and 
Corollary 15 . 1 31 for (X, B, A) at the third step, we have 



da 
dX 



dS*(A) 



X 



da 
dX 



dX= $da= S,(£)dS,(a 



x 



This completes the proof. 



□ 



There is a more general version of Corollary 15 . 14ff2]) , in which we only assume 
a << A << /i. Since it has a more complicated statement and we don't need it, we 
omit it. 



6. Spatial partial isometries and Lamperti's Theorem 

We will need a systematic theory of isometries and partial isometries on L p spaces. 
The main result is Lamperti's Theorem [18j . according to which, for p G (0, oo)\{2}, 
every isometry between LP spaces is "semispatial" in a sense which we describe be- 
low. The material we need in order to to make effective use of Lamperti's Theorem 
seems not to be in the literature, so we describe it here. 

There are two choices of how to formulate the definitions, giving different results 
on L 2 (X,fi). We adopt the stricter choice. 

We will need the following three computations. 

Lemma 6.1. Let (X, B, fx) and (Y,C,i / ) be measure spaces, let p £ [l,oo], let S 
be an injective measurable set transformation from (X,B,/i) to (Y,C,v) such that 
Hran(S) is cr-finite, and let g be a measurable function on Y such that \g(y)\ = 1 
for almost all y G Y. 

(1) The Radon- Nikodym derivative 

G L°(Y, i/| ran( s)) 

exists and satisfies h(y) G (0, oo) for almost all y G Y with respect to 

^lran(S)- 

(2) Let h be as in (p} . Let £ be a measurable function on X. Define a measurable 
function r\ on Y by 

Then \\ V \\ P - U\\ p , 



dS* ((j,) 
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(3) Let £ be a measurable function on X, let r\ be as in ([2]), and suppose that 
S is bijective. Then for almost all x € X, we have 

i/p 



Remark 6.2. Lemma |6.1I| 2|) says that £ n- g/i 1 / p 5»(£) defines an isometry in 
L(L P (X, h), L p (Y,nu)). (This will be made explicit in Lemma [6.51 below.) The 
measure ^| ran (S) need not be cr-finite, and in this case we do not get an element of 
L(L P (X, h), L p (Y,i/)). Example: take X to consist of one point x, take Y = Z>o, 
take p and v to be counting measure, take 5(0) = and S(X) = Y, and take 
.9=1- 

Proof of Lemma \6.1{ We prove ([1]). The measures S*(n) and ^| ran (S) are mutually 
absolutely continuous by Lemma 15.121 The measure ^| ran (S) is cr-finite by hypoth- 
esis. 

We claim that 5*(/x) is cr-finite. Write X = {J^ =1 X n with fi(X n ) < oo. 
Choose Y„ e C such that S([X n ]) = [Y n ]. Then S*(jj)(Y n ) = n{X n ) < oo. Since 
[Y \ U~=i Y n] = S([0}), we have (Y \ (J~ j r„) = 0. The claim follows, as 

does (P). 

For the remaining two parts, we present the proof for p ^ oo. (The case p = oo 
is simpler.) For ([5]), we have, using \g\ = 1 almost everywhere at the first step and 
Corollary 15. 131 at the third step, 



Ml? 



/i|5 H .(0l p di' 



|5*(£)| p d^(/x) 



A" 



For ([3]), use Corollary 15. 131 at the first step, Proposition I5.6t| 3|) at the second step, 
and Proposition I5.6[j ?l) at the third step, to get, with equalities almost every- 
where \p], 

i/p 



G) 


~d(s-%(vy 




dfi 



= (s-> 

This completes the proof. 



- ) (s- 1 ^ 

9/ 



(S- 1 Ur,) = (S- 1 MS,(£))=Z. 



□ 



Definition 6.3. Let {X,B,jJb) and (Y,C,v) be cr-finite measure spaces. A semis- 
patial system for (X, B, fi) and (Y, C, ;/) is a quadruple (E 1 , F, S 1 , g) in which E E B, 
in which F 6 C, in which 5 is an injective measurable set transformation from 
(E, B\e, h\e) to (F,Co\f,vf) such that ^| ran (s) is cr-finite, and in which g is a 
C-measurable function on F such that \g(y)\ = 1 for almost all y E F. 
We say that (E, F, 5 1 , g) is a spatial system if, in addition, 5 is bijective. 

Definition 6.4. Let (X,B,p) and (Y, C : v) be a-finite measure spaces, and let 
p 6 [ljOo]. A linear map s € L[L P (X, p), L p {Y,v)j is called a semispatial partial 
isometry if there exists a semispatial system (E,F,S,g) such that, for every £ 6 
L P (X, /j), we have 



(sO(y) 
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(When p = oo, we take 

_d(y\ian(S)) . 

to be the constant function 1.) 

We call s a spatial partial isometry if (E, F, S, g) is in fact a spatial system. 

We call (E,F,S,g) the (semi) spatial system of s. (We will see in Lemma 16.61 
below that it is essentially unique.) We call E and F the domain support and the 
range support of s. The sub-er-algebra ran(5 f ) C C\p is called the range a -algebra, 
the measurable set transformation S is called the (semi) spatial realization of s, and 
g is called the phase factor. If \ E) — 0, we call s a (semi)spatial isometry. 

Lemma 6.5. Let (X,B,n) and (Y,C,v) be measure spaces, let p G [1, oo], and let 
(E, F, S, g) be a semispatial system for (X, B, p) and (Y, C, v). 

(1) There exists a unique semispatial partial isometry s G L[L P {X 1 /i), L P (Y, ;/)) 
whose semispatial system is (E, F, S, g). 

(2) Let s be as in Q. Then ||s£|| p = ||fUHp for every £ € E P (X^), and 

NI<1. 

(3) Let s be as in ([1]). Then for any set B g C, the range of s is contained in 
L P (Y. v\b) h and only if i? contains F up to a set of measure zero. 

(4) Suppose s as in ((T]) is a semispatial isometry. Then s is isometric as a linear 
map, that is, ||s£|| p = ||£|| p for every £ G L p (X,fi). 

Proof. Lemma I6.1p |) , applied with E in place of X and F in place of Y, implies 
existence of s in ([1]). Uniqueness is obvious. Part ([2]) follows from Lemma fo.lp l). 
Part (j4|) is a special case of {2}. 

For ([3]), it is obvious that if B contains F up to a set of measure zero, then 
ran(s) C L P (Y, v\b)- Now suppose ran(s) C L P (Y, v\b)- Choose £ e L p (E,/j,) such 
that £(x) ^ for all i e I. It follows from Proposition I5.6l[ 6l that S*(£\e) is 
nonzero almost everywhere on F, from the hypotheses that g is nonzero almost 
everywhere on F, and from Lemma l6.1p| that 

dS*(p\ E ) 

.d(^|ran(S)). 

is nonzero almost everywhere on F. Therefore s£ is nonzero almost everywhere on F, 
whence B contains F up to a set of measure zero. □ 

Lemma 6.6. Let (X,B,fi) and (Y,C,v) be cr-finite measure spaces, let p G [l,oo], 
and let s G L(L P {X, /z), L p (Y, v)) be a semispatial partial isometry. Then its spatial 
system is unique up to changes in the domain and range supports by sets of measure 
zero and up to equality almost everywhere [u] for the phase factors. 

Remark 6.7. In Lemma f6.6[ we identify B\e/M(ij,\e) with a subset of B/J\f(n). 
This subset does not change if E is modified by a set of measure zero. We treat 
C\f / N(v\f) similarly. With these identifications, it makes sense to say that the 
measurable set transformation component is actually unique. In particular, he 
part about the domain and range supports says they are uniquely determined as 
elements of B/Af(fi) and C/N{v). 

Proof of Lemma [67b\ Suppose that for j = 1,2, the sets Ej C X and Fj C Y are 
measurable, Sj is an injective measurable set transformation from (Ej,B\E4 i iAe,) 
to {Fj > C\F j ,v\F j )' ) and gj is a measurable function on Fj with |<7j(y)| = 1 for 
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almost all y G Fj. Let si and s 2 be the semispatial partial isometries obtained from 
Definition 16.41 We have to prove that if si = s 2 , then 

[Ex] = [E 2 ], [Fi] — [F 2 ], Si — S 2 , and gi — g 2 almost everywhere \y\. 

It follows from Lemma [6.5lj 3j) that \F{\ — [F2]. It is clear from Lemma [6.5[ f2jl 
that we must have [Ei] = [E 2 ]. 
For j — 1, 2, set 

= r rf(ff 3 )*Mg) " 

3 LdWran(Sj)). ' 

Let £> G SIbj satisfy < oc. Then %s G L p (X 7 fi). From the formula for 

si(xb), and since /ii and g\ are nonzero almost everywhere on F, it follows that 
Si ([£?]) = [C] if and only if s\(xb) is nonzero almost everywhere on C and zero 
almost everywhere on Y \ C. Of course, the same applies to s 2 and S 2 . Since /i is 
a- finite and S\ and £2 are cr-homomorphisms, it follows that S\ = S 2 , and also 
that hi = h 2 . 

It remains to prove that gi = g 2 almost everywhere [v\. Choose £ G L p (E,ii) 
such that £(x) ^ for all x £ X. It follows from Proposition I5.6t |6|) that (Si)*(£|e) 
is nonzero almost everywhere on Fi, and from Lemma |6JJ[T]) that hi is nonzero 
almost everywhere on F±. From si£ = s 2 t; almost everywhere, we therefore get 
9 1 = 92 almost everywhere on F\, as desired. □ 

Remark 6.8. Let (X,B,fi) and (Y, C,v) be measure spaces, let p G [1, oc], and let 
s G L{L P {X, /i), L P (Y, v)j be a semispatial partial isometry with domain support 
E C X, range support F C Y, semispatial realization S, and range er-algebra Co- 
Then s is spatial if and only if Co = C\f- If this is the case, then s is a spatial 
isometry if and only if fx(X \ E) = 0. 

Using the terminology we have introduced, we can now state Lamperti's Theorem 
as follows. 

Theorem 6.9 (Lamperti). Let (X,B,fi) and (Y,C,v) be cr-finite measure spaces, 
let p G [l,oo) \ {2}, and let s G L(L P (X, fi), L p (Y,v)^ be an isometric (not nec- 
essarily surjective) linear map. Then s is a semispatial isometry in the sense of 
Definition IQl 

Proof. The proof is the same as that of Theorem 3.1 of [TB]. In [T8] it is assumed 
that (X, £>, /i) = (F, C, v), but this is never used in the proof. □ 

Remark 6.10. Let p G [1, 00) \ {2}, and let s G L(L p (X,fi), L p {Y,v)) be an 
isometry. Theorem 16.91 states that there exists a semispatial system (E,F,S,g), 
with E = X, such that the construction of Definition 16.41 yields s. The function g 
was only required to be measurable with respect to C\f, not with respect to ran(S'). 
In general, the stronger condition fails. Take X to consist of one point x and 
Y to consist of two points yi and y 2 . Let /x and v be the counting measures. 
Identify L p (X,(i) with C and L p {Y,v) with C 2 in the obvious way. Define s by 
s(A) = 2- 1 / p (A, -A). The semispatial system must be (X, Y, S, g), with 5(0) = 
and S(X) = Y, and with g{yi) = 1 and g{y 2 ) = — 1. The function g is then not 
ran(5)-measurable. 

We are primarily interested in partial isometries which are spatial rather than 
merely semispatial. 

We will need notation for multiplication operators on L p (X,/j,). 
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Notation 6.11. Let (X,B,fi) be a measure space, and let p G [l,oo]. We let 
mx,fj,,p (or, when no confusion should arise, just mx or m) be the homomorphism 
mx'^p - L°°{X,n) -> L(LP(X,fj,)) defined by 

K,p(/)e)w = MW 

for / <E L°°(X,fj,), £ G LP(X,fx) and cc e X 

Lemma 6.12. Let (X,B,n) and (Y, C,^) be measure spaces, let p G [l,oo], and 
let (F, F, 5 1 , 5) be a spatial system for (X, B, //) and (Y, C, 1/) (in the sense of Defi- 
nition 

(1) There exists a unique spatial partial isometry s G L(L P (X, //), L p (Y, vf\ 
whose spatial system is (-E, F, S 1 , g). 

(2) Let s be as in Q. Then the range of s is F>(F 1/) C F>(Y, 1/). 

(3) Let s be as in ([T]). There exists a unique spatial partial isometry t G 
L(LP(Y,v), LP{X,h)) whose semispatial system is (F, F, S~ x , (5 ,_1 )*(c/) _1 ). 
Moreover, using Notation 16.111 we have is = to(xb) and si = ?7i(xf)- 

(4) Let s be as in Q and let i be as in ©. Let u £ L(L p (Y,is) : L p (X,^)) 
satisfy us — tu(xe) and u|i?>(y\F, v) — 0- Then u = t. 

Proof. Part ([1} follows from Lemma 16. 5[f Tj) and Definition 16.41 The existence of t 
in §3§ follows from part (JXJ) , and the formulas for ts and st in follow from 
Lemma I6.1[ f3")l . Lemma I6.5P )) and the formula for st imply @ . 

For (0}, let 77 G L p (Y,v). Write 77 = 771 + 772 with 771 G L p (F,v) and 772 G 
L P (Y \ F, z/). We show that uryi = £771 and U772 = ti]2- Clearly 1*772 and tr]2 are both 
zero. Also, using ran(t) = L p (F,/_t) at the last step, we have 

urji = um(xF)m = ust-qi = m(xE)tr)i = tr]i. 

This completes the proof. □ 

Definition 6.13. Let (X,B,/i) and (Y,C, v) be measure spaces, let p G [l,oo], 
and let s G L(L P (X, /i), £ P (Y, z/)) be a spatial partial isometry. The spatial partial 
isometry £ of Lemma r6.12[j 3"j) is called the reverse of s. 

Remark 6.14. When p = 2, the reverse of s is of course s*. However, we can't 
define it this way when p =/= 2. 

Lemma 6.15. Let (X, B, p) and (Y, C, v) be cr-finite measure spaces, let p G [1, 00], 
and let s G L[L P {X, //), £ P (Y, f)) be a semispatial partial isometry with domain 
support E a X, range support F C Y, and range a- algebra C - Then the following 
are equivalent: 

(1) s is spatial. 

(2) ran(s) = LP(F,/i). 

(3) C = C| F . 

Proof. That ([3]) implies ([T]) is clear from the definitions, and ([T]) implies (J2J by 
Lemma f6.12tf ^|). So assume @. Let 5 be the semispatial realization of s. Thus 
S is an injective measurable set transformation from (F, B\e, h\e) to (F, C\f,v\f) 
such that ran(5*) contains \b for every F G C|f with f(F) < 00. It follows from 
Corollary 15.81 that 5 is surjective, which is ([3]) . □ 

Lemma 6.16. Let p G [l,oo) \ {2}, let (X, and (Y,C,is) be cr-finite measure 
spaces, let F C A" and F C Y be measurable subsets, and let s G L(L P (X, /i), L P (Y, z/)J 
satisfy the following conditions: 
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(1) The range of s is L P (F, v) C L P {Y, v). 

(2) s|lp(_e, p ) is isometric. 

(3) s\ Lv[x \e^) = 0. 

Then s is a spatial partial isometry in the sense of Definition 16.41 and has domain 
support E and range support F. 



Proof. Apply Theorem 16.91 with E in place of X, to conclude that s is a semispatial 
partial isometry. Then s is spatial by Lemma 16.151 □ 

In the rest of this section, we describe some operations which give new spatial 
partial isometries from old ones. Most of the statements have analogs for semispatial 
partial isometries, but we don't need them and don't prove them. 

We begin by showing that the product of two spatial partial isometries is again 
a spatial partial isometry On a Hilbert space, the product of two partial isometries 
is usually not a partial isometry, unless the range projection of the second com- 
mutes with the domain projection of the first. With spatial partial isometrics, this 
commutation relation is automatic. 

Lemma 6.17. Let (X 2 ,B 2 , [i 2 ), and (X 3 ,B 3 , fi 3 ) be a- finite measure 

spaces. Let p G [l,oo]. Let 

sei(L p (Xi,Mi), L p {X 2 ,fi 2 )) and u G L{p {X 2 , ft*), L p (X 3l Ms)) 

be spatial partial isometries, with reverses t and w, and with spatial systems 
(E±,E 2 ,S,g) and (F 2 ,F 3 , V,h). Then vs is a spatial partial isometry. Its domain 
support is E = S~ 1 (E 2 fl F 2 ), its range support is F — V(E 2 H F 2 ), and its re- 
verse is tw. Its spatial realization is the composite Vq o Sq of the restriction Sq 
of S to Bi\s-i(E 2 nF 2 ) and the restriction Vq of V to B 2 \e 2 hf 2 - Its phase factor is 
k = (Vo)*{g\E 2 nF 2 )(h\v(E 2 nF 2 ))- 

Proof. It is immediate that (E, F, Vq o Sq, k) is a spatial system for (Xi,B\,n\) 
and (X 3 , B 3 , H3). Let y G L{L p (Xi, //i), L p (A 3 ,/i 3 )) be the corresponding spatial 
partial isometry. We claim that y = vs, and it is enough to prove that y£ = vs£ for 
£ in each of the three spaces L P (X\ \E\, /ii), L p (Ei \ E, and L p {E,[ii). In the 
first case, y£ = and s£ = 0. In the second case, y£ = 0. Also s£ G L P (X 2 \F 2 , fj, 2 ), 
so vs!; = 0. 



So let £ e LP {E, pix). Then 

y£ = (Vb)»(5U2nF 3 )(/i|v(B 2 nF 3 )) 



d{V a o S'o)*(mi|b) 



^(M3|f) 



and 

vs£ = (h\ F ) 



d(y )*(p 



2\E 2 nF 2 



d(pa\F) 



ll/p ( 




{Vq)* ( 


[9 E 2 nF 3 ) 



d(S , o)»(/ii|_ B ) 



2|B 2 nF ; 



1/p 



(So)* (£) 



One sees that these are equal by combining Corollarv l5. 141 with several applications 
of Proposition [5?6t |3| and standard properties of Radon- Nikodym derivatives. This 
completes the proof that y — vs, and thus the proof that vs is as claimed. 

It remains to identify the reverse. We use Lemma f6.12l| 4")). First observe that 
wrj = for 77 G L P (X 3 \ F 3 , /i 3 ) and twq = for 77 G L P (F 3 \ F, fx 3 ). Also, for 
£ G L p (A"i,/ii), the first paragraph of the proof shows that vs£ = vsm(xE)£,- It is 
easy to check that siji{xe) = Tn{XE 2 nF 2 )s. Therefore 

twvs = t(wv)sm(xE) = tm(xF 2 )m(xE 2 r\F 2 )s = tsm(xE) = m{xE)- 
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This completes the proof. □ 

Lemma 6.18. Let (X,B,/j.) be a a-finite measure space, let p G [l,oo], and let 
e G L(L P (X, fx)). Then the following are equivalent: 

(1) e is an idempotent spatial partial isometry. 

(2) e is a spatial partial isometry, and there is E G B such that the spatial 
system of e is (E, E, \A B \ E , xe)- 

(3) There is E G B such that e = iti(xe)- 

Proof. It is clear that © and ([3]) are equivalent, and that © implies ([T]). So 
assume ((T|). Let the spatial system of e be (I?, F, S, g), and let / be the reverse of e 
(Definition 16. 13p . Lemma [6.171 implies that f 2 = f. Therefore 

(6.1) m(XF)m(xE) = (e/)(/e) = e/e = em(xE) = e. 
Multiplying (|6.1[) on the left by m(xe) gives 

(6.2) m(xE)m(xF)m(xE) = m(xE)e = (fe)e = fe = m(x E ). 

The left hand sides of (|6.ip and (|6.2p are clearly equal, so e = tu^xe)- This is (J3j). □ 

We now consider the tensor product of two spatial partial isometries. We need 
a particular case of the product of two cr-homomorphisms, which we can get from 
Lamperti's Theorem. Quite possibly something more general is true, but we don't 
need it. 

Lemma 6.19. Let [X\, Bi, /Xi), (X 2 , B 2 , ^2), (Yi,Ci,vi), and (^2,^2, v%) be cr-finite 
measure spaces. Let 

S: B x /N{m) -»• B 2 /JV(fi 2 ) and V: C x /M{v x ) -> C 2 /N{v 2 ) 

be bijective (7-homomorphisms. Let Si xCi and #2 xC 2 be the product er-algebras on 
Xi x Y\ and X 2 x Y" 2 , or their completions. Then there is a unique cr-homomorphism 

SxV-.iBiX &)/A/fyi x ^) -> (B 2 x C 2 )/A% 2 x 1*) 

such that, whenever #1 e Si, £ 2 G S 2 , € Ci, and F 2 G C 2 satisfy S{[Ex]) = [E 2 ] 
and V{[F X ]) = [F 2 ], we have 

(6.3) (S x ^)([ J Bi x Fi]) = [E 2 x F 2 ]. 

Proof. It does not matter whether we use the product er-algebras or their comple- 
tions, because the Boolean er-algebras 

(61 x &)/Af(A*i x ^) and (B 2 x C 2 )/N{n2 * ^2) 

are the same with either choice. 

Uniqueness of S x V follows from the fact that the measurable rectangles generate 
the product cr-algebra. 

We prove existence. Fix any p G [1, 00) \ {2}. Let s and v be the spatial isometries 
with spatial systems (Xi, X 2 , S,l) and (Yi,Y 2 ,V,l). Then s and v are isometric 
bijections. Applying Theorem l2. 161(51) to s and v, and to their inverses, and applying 
Theorem 12. 16t l6|). we see that 

s <g> v : L p (Xi x Yi, /xi x v\) -> L P (X 2 x F 2 , /i 2 x j/ 2 ) 

is an isometric bijection. Lemma T6. 161 implies that it is spatial. We take S x V to 
be its spatial realization. The relation (|6.3|) is easily deduced from (s <g> u) (£ ® 77) = 
s£ (ED w?7, Fubini's Theorem, and cr-finiteness of all the measures involved. □ 
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In the next lemma, we exclude p — oo because we use Theorem 12.161 



Lemma 6.20. Let (Xi,B x , fj, x ), (X 2 , 82,^2), (Y x ,Ci,Ui), and (Y 2 , €2,1*2) be cr-finite 
measure spaces. Let p E [1, 00). Let 

seL(L%Yi,|ii), L p (X 2 , l x 2 )) and v E L(U>{Y X , u x ), U>(Y 2 , v 2 )). 

be spatial partial isometrics, with reverses t and w, and with spatial systems 
[E x , E 2 , S, g) and (F 2 , F 3 , V, h) . Then 

s®!)£ L(L P (X 1 x Yi, ^1 x z/ x ), 27pf 2 x F 2 , [i-2 x v 2 )) 

(as in Theorem 12.161) is a spatial partial isometry. With S x V as in Lemma T6. 191 
and gi <8> 32 as in Theorem l2.16l its spatial system is 



(6.4) 

and its reverse is t < 



(Ei x Fx, E 2 x F 2 , S x V, g x ® 32) 



Proof. Let y be the spatial partial isometry with spatial system given by (|6.4j) . and 
let z be its reverse. 

It is clear that S*((i x ) x V»(fi) and (S* x F)*(^i x ^1) agree on measurable 
rectangles. The measures and K(^i) are cr-finite by Corollary l5.14[f TT). 

The product of cr-finite measures is uniquely determined by its values on mea- 
surable rectangles. (In Chapter 12 of [23], see Theorem 8 and the discussion after 
Lemma 14.) Therefore S*(ji x ) x V*(v x ) — (S x V)*([ii x v x ). Set 



k = 



d(S x V)*(hi\e 1 x 
d(p 2 \ E2 x v 2 \f 2 ) 



and I 



dS*(li x \ El ) 



d(fi 



2\E 2/ 



dV*(v x \ Fl ) 



d(^ 2 



F 2 , 



Then for every measurable rectangle R C E2 x i^, we have 



kd([i 2 \E2 x ^|f 2 ) = / ld(n 2 \E 2 x ia>|f 2 )- 



Gh> / ld(^ 2 \E 2 x ^|f 2 ) 



Since 



is a product of cr-finite measures on i? 2 x i*2 j it follows from uniqueness of product 
measures (as above) that k — I almost everywhere [/i2|F 2 x V2\f 2 \- One now checks 
that s®v = y and t®w — zby showing, in each case, that they agree on elementary 
tensors. □ 



Lemma 6.21. Let (X, B, fi) and (Y, C, v) be cr-finite measure spaces, let p E [1, 00), 
and let s E L( y L p {X, /1), L P (Y, v)) be a spatial partial isometry with spatial system 
(E,F,S,g) and with reverse t. Let q E (1, 00] satisfy | + | = L and for any cr- 
finite measure space (Z, T>, A), identify L P (Z,X)' with L q (Z,X) in the usual way. 
Then s' E L(L q (Y, v), L q (X,/i)) is a spatial partial isometry with spatial system 
(F, E, S- 1 , (S^ 1 )*^)) and with reverse t' . 

Proof. To simplify the notation, let 



dS* (fi) 


and k = 


' d{S-%{u)' 


dv 
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Then h = S^k)' 1 by Corollary EII Let u G L(L 9 (Y», L q (X,fi)) be the spatial 
partial isometry with the spatial system specified for s'. Then for £ £ L P (X, fi) and 
G we have, using Corollary 15. 131 at the second step, 

i-urjd^^ [ e(^ _1 )*(.9)fc 1/9 (5^ 1 )*(?7)^= / S^gS^kf'^hdv 

JX JY 

S40gh-V q r]hdv = [ S*(£)gh 1/p r)hdv = / sf.^di/. 

Thus s' = u. 

To identify the reverse of s', we calculate: 

t's' = (st)' = mY,u, P {XF)' = m Y ,^q(xF) 

and 

t'm Xtfl , q (xx\E) = [mx,ii,p(xx\E)t] = 0. 
Now apply Lemma [6.1 2 HH) , □ 

We finish this section with a lemma on homotopies that will be needed later. 
We do not know whether surjectivity is necessary in the hypotheses. 

Lemma 6.22. Let p G [1, oo) \ {2}. Let (X, B, fi) and (Y, C, v) be tr-finite measure 
spaces, and let A i->- s\ € L(L' P (X, /i), L P (Y, v)) , for A G [0, 1], be a norm continuous 
path of surjective isometries. Let S\ be the spatial realization of s\. Then Sq = Si. 

Proof. We prove that if vq and v\ are surjective spatial isometries whose spatial 
realizations Vb and V\ are distinct, then ||vq— > 1. (It follows that the spatial re- 
alization must be constant along a homotopy.) The measurable set transformations 
Vo and V% are bijective by Lemma 16.151 

Choose a set E G B such that Vfo([25]) ^ V\{[E\). Without loss of generality we 
may assume that Vq ( [E] ) and V\ ( [E] ) have representatives Fq , F\ G C such that Fq 
does not contain F± up to sets of measure zero. That is, there is F C Y such that 

v(F) > 0, F C F 0) and F n F x = 0. 

Since Vo is bijective, the set Q = V ' 1 (F) satisfies n(Q) > 0. Since fx is cr-finite, 
replacing F by a suitable subset allows us to also assume that n(Q) < oo. Correcting 
by a set of measure zero, we may further assume that Q C E. 

Define £ = n(Q)~ 1/p XQ € L p (X,n). Then ||£|| p = 1. Moreover, w £ is supported 
in _F and, since Q G E, the function vit; is supported in i^. Therefore 

ll«oC-«i^ = MI? + M? = 2, 

so ||wo - will > 2 1/p > 1. □ 

7. Spatial representations 

In this section, we define and characterize spatial representations on spaces of 
the form L P (X, //), first of and then of for finite d. In each case, we give a 
number of equivalent conditions for a representation to be spatial, some of them 
quite different from each other. In particular, some characterizations are primarily 
in terms of how the representation interacts with X, while others make sense for 
a representation on any Banach space. We consider Md first because we use the 
results about Md in the theorem for Ld- 

We will see in Theorem 17.21 that, for fixed p, any two spatial representations 
of Md determine the same norm on Md, and we will see in Theorem 18.71 (in the 
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next section) that, for for fixed p and when d < oo, any two spatial representations 
of Ld determine the same norm on Ld- 

Definition 7.1. Let d G Z>o, and let {ej,k)j k=i be the standard system of ma- 
trix units in Md- Let p G [l,oo], let (X, B,p) be a cr-finite measure space, and let 
p: Md — > L(L P (X, p)) be a representation. (Recall that, by convention, represen- 
tations are unital. See Definition ^. 81 ) We say that p is spatial if p{ej,k) is a spatial 
partial isometry, in the sense of Definition 16.41 for j, k = 1, 2, . . . , d. 

Theorem 7.2. Let d € Z >0 , let p G [1, oo) \ {2}, let (X, B, p) be a cr-finite measure 
space, and let p: M d — > L(L P (X, p)) be a representation. Let {e-j,k)j t k=\ be tne 
standard system of matrix units in Md- Then the following are equivalent: 

(1) p is spatial. 

(2) For j,k — 1,2, ... ,d, the operator p{ej^k) is a spatial partial isometry with 
reverse p(ek,j)- 

(3) p is isometric as a map from M% (as in Notation 12. 4|) to L(L P (X, p)). 

(4) p is contractive as a map from M v d to L(L P (X, p)). 

(5) Hp^^fc)!! < 1 for j, k = 1,2, ... ,d, and there exists a measurable parti- 
tion X — IXy- =1 Xj such that for j = 1,2, ... ,d, the matrix unit e^j acts 
(following Notation 16. as p{e.j,j) = m{xx j )- 

(6) There exists a measurable partition X = JJj=i X; such that for j = 
1,2, the operator p(ej^\) is a spatial partial isometry with domain 
support Xi and range support Xj. 

(7) There exists a measurable partition X = U„ =1 Xj such that for j, fc = 
1,2, ... ,d the operator p(ej,k) is zero on L P (X \ Xj,, /i) and restricts to an 
isometric isomorphism from L p (Xk,p) to L p (Xj,p). 

(8) With 7 being counting measure on iVj = {1,2, ... ,d}, there exists a cr-finite 
measure space (Y, C, v) and a bijective isometry 

u: L p (N d xy,7X^)^ p) 

such that, following the notation of Theorem I2.16t| 4|). for all a G Md we 
have p(a) — u(a ® l)u _1 . 

In the notation of Lemma 12.171 Theorem I7.2[[ 5|) says that if po : Md — > L (K) is 
the standard representation, then p is similar, via an isometry, to po <8ip 1. 

We specifically use complex scalars in the proof that ([3]) and (|4]) imply the other 
conditions. We don't know whether complex scalars are necessary. 

When p = 2, conditions (JTJ) and §3§ are certainly not equivalent. We have not 
investigated what happens when p — oo, but Lamperti's Theorem is not available 
in this case. 

It is essential that the representation be unital. Many of the conditions of Theo- 
rem [72] are never satisfied for nonunital representations, but (|3]) and ((4]) do occur. 
We show by example that they do not imply that the representation is spatial. 

Example 7.3. We adopt the notation of Example 12.51 with p G [1, oo) \ {2}. Set 

f = 2- 1 /p(i,i) and ?7 = 2- 1 /«(l,l). 

(If p — 1, take r\ = (1,1).) Let e G M% be the rank one operator called a in 
Example H31 Then 
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which is an idempotent. Since ||£|| p = \\r/\\ q = 1, we get ||e|| = 1. 

Now take {Xq, So, Mo) to be any a- finite measure space with a spatial represen- 
tation po : Md — > L(L p (Xo, /io)) • Set X — Xq II Xq, and equip it with the obvious 
cr-algebra B and with the measure p whose restriction to each copy of Xq is po. 
Identify L p (X,p) with l\ £§> p L p (Xq,pq) as in Theorem 12.161 Define a nonunital 
representation p: Md L(L P (X, p)) by p(a) — e £§> po{a) for a e M<j. Then Theo- 
rem ^. 16l[ 5j) implies that, regarded as a map M v d — > L{L P (X, //)), the representation 
p is isometric. But it is not spatial, not even in a sense suitable for nonunital 
representations . 

Proof of Theorem \7.2\ We first prove the equivalence of , ([5]) , , and , be- 
ginning with ([1]) implies ([5]). 

So assume 0. We have 1 1 ( e ^- , fe ) 1 1 < 1 because this is true for all spatial 
partial isometries. For each j and k there is a spatial system for p(ej t k), say 
(Ej^, Fj t k, Sj^, gj,k)- Apply Lemma 16.181 to p(ejj). We obtain sets Xj C X such 
that 

{ E 3,v F 3,3, S S,ji9j,3) = iAV .Y,.id;< „ . \ \ i and p{e, Jtj ) = m{ XX] ) 

for j = 1, 2, . . . , d. Since X)j=i P( e j,j) = 1) the sets Xj are essentially disjoint and, 
up to a set of measure zero, Uj=i -^j = Modification by sets of measure zero 
now gives the rest of 0. 

We next prove implies ([7]). We take the partition X — ]Jj =1 Xj to be as 
in ([5]). Let j,k £ {1,2, ... ,d}. The equation p(e_ y - ) fe)(l — p(ek,k)) = translates 
to p(e hk )£ = for all £ e \ X fc , ,u), which is the first part of 0. For 

£ S L p (X k ,p), use 

||p(e 3 , fc )|| < 1, \\p{e k ,j)\\ < 1, and p(e k ,j)p(ej, k )£ = p(e k ,k)£, = £ 

to get ||p(ej,k)£|| = ||£||. So ^(e^fc) is isometric on L p (X k , p). Since p(ej,k)p(ek,j)ti = 
£ for £ G L p (Xj, p), we have ran(p(ej ! fe)) D L p {Xj, p), while the equation 

w(xx 3 )p(e^ fe )C = P{ej,j)p{ej,k)£ = p{dj,k)£, 

for £ e L p (X k , p) implies r&n(p(ej yk )) C L p (Xj, p). This completes the proof of (0. 
That implies ([5]) is immediate from Lemma 16.161 

We prove that implies 0. From 0, we see that ran(p(ej ! i)) = L p (Xj,p) 
for j = 1,2, ...,d. Moreover, p(ei y i) — m(xx 1 ) by Lemma [6.181 Now fix j, and 
consider p(eij). For k ^ j we have p(eij)|j>(x,. ,p) = since e^-e^i = 0. Also 
p( e i,j)p( e j.i) = p(ei,i) = tn{xXi)- So Lemma I6.12lj 4| implies that p(ei,j) is the 
reverse of p(ej t i). In particular, p(eij) is a spatial partial isometry. 

For j, k = 1, 2, . . . , d, it now follows from Lemma l6.17l that p{ej,k) = p{e-j,i)p{ex,k) 
is a spatial partial isometry, which is 0. 

We next prove that and are equivalent to the conditions we have already 
considered. We start with implies 0. Let the partition X — Wj—^Xj be as 
in 0. Define Y — X\ and v = p\x-i- Identify L p (Nd x Y, 7 x v) with the space of 
sequences (771 , 772 , . . . , r\d) G L P {Y, v) d , with the norm 

||(r ?1)7 7 2 ,..., % )|| = (|| 77l ||P+||r ?2 ||^ + .--+|| % ||^) 1/p . 
Define u: L p (N d x Y, 7 x v) -> L P {X, p) by 

14(771,772, ...,%)= 771 + p(e 2< i)r)2 + p(e 3 ,x)ri3 H h p(eds)Vd- 



42 



N. CHRISTOPHER PHILLIPS 



(Note that r\\ = p{e\,i)r]i.) Then u is isometric because the summands p{ejA)rjj are 
supported in disjoint subsets of X. It is easy to check that u is bijective and that 
P( e j,k) = u ( e j,k ® for j,k = 1,2, ... ,d. This proves ©• 

Now assume ([8]); we prove ([2]). It is trivial that the standard representation of 
Md on L p (Nd) satisfies ((2J. It follows from Lemma [6.201 that the representation 
po(a) = a® 1 also satisfies ([2|). The operator u is a spatial isometry by Lemma [BTT61 
and Lemma I6.12lj4|) implies that its reverse is u _1 . Lemma 16 . 1 71 now implies that p 
satisfies ©. 

That © implies flU is trivial. 

We finish by proving that ([3]) and (|4]) are equivalent to the conditions we have 
already considered. That (j8]) implies ([3]) follows from the norm relation \\a £8) 1|| = 
|| a || . (See Theorem EUBJJIJ.) That © implies (gj is trivial. 

Assume (j4}; we prove ([5]). For j = 1, 2, . . . , d and ( £ Si, set 

*J,C = 1 " e iJ + Cc,-,i e AfJ. 

One checks immediately that ||tj,J| = 1, and that tj^ — tj ^-i. Since p is con- 
tractive, it follows that p(tj^) is a bijective isometry for all j and £■ So p(tj^) is 
spatial by Lemma 16.161 Since p(tj^) is bijective, its spatial system has the form 
(X, X, Sj^, gj,c)- Clearly Sj t \ = idg. So Lemma 16.221 implies that Sj,—i = idg. 
Therefore p{tj t -\) — m(gj l -i). It follows that there is a unital algebra homomor- 
phism 

tp: l°°{{l,2,...,d})^L°°(X,fi) 

such that f(x{j}) — |(1 — -l) f° r i = 1, 2, . . . , d. So there is a partition X = 
TJ^ =1 such that for j = 1, 2, . . . , d we have _i = almost everywhere [/i]. 
Condition ([5]) now follows. □ 

We now turn to representations of La and Ca- In Definition 12. 121 we defined what 
it means for a representation to be contractive on generators, forward isometric (on 
the Sj), and strongly forward isometric (in addition, the linear combinations of the 
Sj are sent to scalar multiples of isometries). We now introduce several further 
properties of a representation. 

Definition 7.4. Let A be any of Ld (Definition 11.11) . Cd (Definition II .2[) . or 
(Definition II. 3[) . Let p e [1, oo], let (X,B,p) be a cr-finite measure space, and let 
p: A — > L(L P (X, p)) be a representation. 

(1) We say that p is disjoint if there exist disjoint sets Xl, Jf2, . . . , Xd C X (if 
A = Loo, disjoint sets X\,X2, ... C X) such that ran(p(sj)) C L p (Xj,p) 
for all j. 

(2) We say that p is spatial if for each j, the operators p(sj) and p(t 3 ) are 
spatial partial isometries, with p(tj) being the reverse of p(sj) in the sense 
of Definition 16.131 

The definition of a spatial representation is quite strong. For p ^ 2, oo, we will 
see that representations satisfying some much weaker conditions are necessarily 
spatial. 

The representations of Ld in Examples 13 . 1 1 and 13 . 1 81 are spatial and disjoint. The 
representations in Examples 13.71 and 13.81 are disjoint, but not spatial; in fact, they 
are neither contractive on generators nor forward isometric. The representations in 
Examples 13. 101 |3~TT1 13.121 and 13.131 are contractive on generators but not disjoint 
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and not spatial. The representations of Loo in Examples 13.3) 13. 4( and 13.191 arc 
spatial and disjoint. The one in Example 13.51 is disjoint, but it is not spatial. (For 
j G Z>o, the operator p(sj) is a spatial partial isometry, but p(tj) is not.) The 
representation of Loo of Example 13.161 is disjoint but not spatial, since the images 
of neither the Sj nor the tj are spatial. 

Lemma 7.5. Let A be any of Lj, Cd, or L^. Let p E [l,oo]. Then there is an 
injective spatial representation of A on Z p (Z>o). 

Proof. For Ld (including d = oo), we can use any spatial representation, say that 
of Example 13.11 for d < oo and that of Example 13.31 for d = oo, because Ld is 
simple (Theorem 2 of [2T] for d < oo and Example 3.1(h) of [3] for d = oo). For 
Cd, we use the representation ir of Example 13.21 We check injectivity. With p 
as in Example 13.11 (for d + 1 in place of d) and Ld, d+i as in Lemma 11.51 we have 
7r = p o Ld, d+i- Moreover, Ld.d+i is injective by Lemma ll.5l and we saw above that 
p is injective. □ 

We give two further conditions, also motivated by Equation (|2.3p (before Defi- 
nition [2T2]) for the C*-algebras and by the analogous equation for the adjoints. 

Definition 7.6. Let A be any of Ld (Definition II. lj) . Cd (Definition II .2|) or Loo 
(Definition 1 1 .3[) . Let £ be a nonzero Banach space, and let p: A — > L(E) be a 
representation. Let p £ [l,oo]. 

(1) We say that p is p-standard on span(si, S2, ■ ■ ■ , Sd) if, following Defini- 
tion ll,13l the map A i-)- p(s\) from C d to L(E) is isometric from ? P ({1, 2, . . . , <i}) 
to L(E). (In the case .A = Loo and p ^ oo, we say that p is p-standard on 
span(si, S2, . . .) if the map A i-> p(sa) from C°° to L(i?) extends to an iso- 
metric map from Z p (Z>o) to L(E). For p = oo, we use Co(Z>o) in place of 

(2) Let q e [1, oo] be the conjugate exponent, that is, | + | = 1. We say that 
p is p-standard on span(ti, t2, ■ ■ ■ ,td) if, following Definition 11.131 the map 
A i ^ p(i A ) from C d to L(_E) is isometric from Z 9 ({1, 2, . . . , d}) to L(_E). (In 
the case A = L^ and p ^ 1, we say that p is p-standard on span(ii, ^2, ■ • ■) 
if the map A >-> p(t\) from C°° to L(E) extends to an isometric map from 
l q (Z >0 ) to L(E). For p=l,we use C (Z> ) in place of 

We will see in Theorem 17.71 below that a spatial representation of Ld on a space 
of the form L p (X,p) is necessarily p-standard on both span(si, s%, . . . , Sd) and 
span(ii, t2, ■ ■ ■ , td). Example 13.81 shows that a representation which is p-standard 
on span(si, S2, . . . , Sd) need not be spatial, or even contractive on generators. If in 
that example one instead defines 

Tr(sj) = p(sj) ©p 2p(sj) and n(tj) = p(tj) ® p \p(t 3 ), 

the resulting representation is p-standard on span(£i, ta, . . . , td) but not spatial. 
One could fix the difficulty with Example 13.81 by incorporating strongly forward 
isometric in the definition of p-standard on span(si, S2, ■ ■ ■ , Sd), but we don't know 
what the analogous fix for p-standard on span(ti, t^, ■ ■ ■ , td) should be. 

Theorem 7.7. Let d 6 Z>o, let Ld be as in Definition 11.11 let p £ (l,oo) \ 
{2}, let (X,B,p) be a a-finite measure space, and let p: Ld — > L(L p (X,p)) be a 
representation. Then the following are equivalent: 
(1) p is spatial. 
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(2) For j = 1, 2, . . . , d, the operator p(sj) is a spatial partial isometry. 

(3) For j = 1, 2, . . . , d, the operator p(tj) is a spatial partial isometry. 

(4) p is forward isometric and the restriction of p to span^s^)^ = 
(see Lemma II. lip is a spatial representation of Md in the sense of Defini- 
tion o 

(5) p is contractive on generators and the restriction of p to span((sjifc)^ fc=1 ) 
is a spatial representation of Md- 

(6) p is forward isometric and disjoint. 

(7) p is contractive on generators and disjoint. 

(8) p is strongly forward isometric and disjoint. 

(9) p is p-standard on span(si, S2, ■ ■ ■ , Sd) and is strongly forward isometric. 

(10) p is p-standard on span(ii ,t%, . . . ,td) and the representation p' of Lemma [2.21l 
is strongly forward isometric. 

(11) (p(si) p(s2) ■ ■ ■ p(sd)) is a row isometry, in the sense that, using the 
notation of Remark 12.151 it defines an isometric linear map 

L P {X, p) ® p L P (X, p) ® p ■ ■ ■ ® p L P {X, p) -)• L P {X, p). 

(12) p is forward isometric and for j — 1,2, ... ,d there is Xj C X such that 
vaxi(p(sj)) = LP{Xj,p). 

(13) p is contractive on generators and for j — 1,2, ... ,d there is Xj C X such 
that ran(p(sj)) = L p (Xj,p). 

(14) The representation // of Lemma \2. 2 II is spatial. 

For p = 1, all the conditions except ([3]), ([T0|) . and ([M)) are equivalent, and the other 
conditions imply these three. 

Various remarks are in order. First, when p = 1, we do not know whether the 
conditions (j3]), (|10[) . and (fl4|) imply the representation is spatial. (The last two of 
these are the ones which for p — 1 involve representations on L°°(X,p).) 

Second, some of the equivalences fail for representations of and Cd- Assume 
p ^ 1. Then the representation of of Example 13.51 satisfies (|2|), , ©, (fTTj). 
and (fT2|) . but not ([3]) and hence not (p}. The same is true for the restriction to Cd, 
using the map td,oo of Lemma ll.5l For p G (1, oo) \ {2}, the representation of Loo 
of Example ET61 and its dual, both satisfy ©, 0, ©, ©, (10]), and (JTT|) , but 
none of ©, ©, (H2), (IT^l) . or (ITU) . The same is true for the representation of Cd 
of Example [3H 

Third, various other implications one might hope for fail. Example 13.101 shows 
that contractive on generators does not imply that the restriction to Md is spatial. 
Example 13 . 71 shows that the restriction to Md being spatial does not imply that the 
whole representation is spatial. If p is p-standard on span(si, S2, ■ ■ ■ , Sd), it does 
not follow that p is p-standard on span(<i,i 2 , ■ • ■ ,^d), or that p' is g-standard on 
span(si, S2, ■ ■ ■ , Sd), by Example 13.81 

A spatial representation of Ld must be strongly forward isometric, since that is 
part of Theorem l7.7l[ 8l) . The converse is not true; Example l3.10l is a counterexample. 

Next, we recall from Theorem 17.21 that conditions (@| and (5]) actually have 
many equivalent formulations. Similarly, condition (|14[) is equivalent to analogs on 
L q (X, p) of all the other conditions of Theorem 17.71 

If p > 2 then p-standard on span(si, S2, ■ ■ ■ , Sd) can be weakened to ||p(sa)|| < 
m ®- (See Lemma 17. lOlf Tj).) If p < 2, then p-standard on span(£i, < 2 , • ■ • , td) 
can be weakened to \\p{t\)\\ < \\X\\ q in (10]). (See Corollary [7TQ[2])-) 
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Finally, it is again essential that the representation be unital. Many of the 
conditions in Theorem 17.71 actually do make sense for nonunital representations, 
but the following example shows that they do not imply that the representation is 
spatial. 

Example 7.8. Let the notation be as in Example 17.31 except take po to be a 
spatial representation of Ld on L P (X , p ). Set p(a) = e (g> po(a) for a G Lj. Then p 
is not spatial, not even in a sense suitable for nonunital representations. However, 
it is disjoint, strongly forward isometric, contractive on generators, p-standard on 
span(si, S2, ■ ■ ■ , Sd), and isometric (although not spatial) on span((sj£fc)^ fc=1 ). 

It is convenient to break the proof of Theorem 17.71 into several lemmas. Some 
of them hold in greater generality than needed. The first, in effect, shows that ([1]) 
implies all the other conditions. 

Lemma 7.9. Let A be any of Ld (Definition II. Cd (Definition II. 2[) . or L x 

(Definition II ,3[) . Let p £ [l,oo], let (X,B,p) be a cr-finite measure space, and let 
p: Ld — > L(L P (X, p)) be a spatial representation. Then: 

(1) p is contractive on generators. 

(2) p is strongly forward isometric. 

(3) p is disjoint. 

(4) p is p-standard on span(si, S2, ■ ■ ■ , s<j) (Definition I7.6lf l|)). 

(5) p is p-standard on span(fi, t 2 , ■ ■ ■ ,td) (Definition I7.6[ [2"j)). 

(6) (p{si) p{s2) ■ ■ ■ p(sd)) is a row isometry, in the sense described in Theo- 
rem Opl} . 

(7) For each j there is Xj C X such that ran(p(sj)) = L p (Xj,p). 

(8) If A = Ld with d ^ oo, the restriction of p to span((sjtfc)^ >fc=1 ) = Md (see 
Lemma fl. lip is a spatial representation of Md in the sense of Definition [7T] 

(9) If p oo, the representation p' of Lemma |2. 2 II is spatial. 

Proof. Part {1} follows from Lemma RToTp l). part (J7J follows from Lemma T6. 151 and 
part © follows from Lemma 16.211 Part © follows from the fact (Lemma I6.17P 
that the product of spatial partial isometries is again a spatial partial isometry. 

To prove part ([3]), let Xj be as in part 0. Suppose p(Xj n Xk) ^ 0. Then 
p(tj)p(.Sk) is a nonzero spatial partial isometry by Lemma 16.171 contradicting the 
relation (|1.2p or (11.51) . as appropriate, in the definition of A. Part ([3]) follows. 

We prove ©, JU), and © together. Let 

s = (Pi s l) P( s 2) ■ ■ ■ P{sd)) 

€ L(L p {X, p) ® P W{X, p) @p ■ ■ ■ ® p L p {X, p), L p {X, p)) . 

Thus 

d 

s(£i>6> •••>&) = ^p{ s i)ij 
J'=l 

for ^i,^2j • • • )£d G L P {X, p). We already proved that p is disjoint, so 

have disjoint supports. Since ||/3(sj)£j || = by Lemma [6.5I |4^). it follows from 
Remark I2~7l that 

(7.i) . . . ,&)uj = ^ iipfo&ii? = E neiij = ii(6,6, ■ ■ . .wii?- 



4(5 



N. CHRISTOPHER PHILLIPS 



This proves ©. Now let A G C d and let £ G L p (X,p). In (fTTj) . take & = Aj£ for 
j = 1,2,.. . ,d, getting 



\Wx)i\\l = Y,\Mmi = \\M\lU\\l- 

3 

This equation implies both @ and (@|. 

It remains to prove ([5]). Let q G [1, oo] satisfy i + ~ = 1. For 7 G C d (possibly 
e? = 00, in which case we follow the convention of Definition ll.131) . define lu 1 : C d — >• 
C by u 7 (A) = E^=i7i^j- 

We show that for 7 G C d , we have ||p(i 7 )|| > ||7|| g - Let e > 0, and choose (using 
the usual pairing between l p and l q ) an element A 6 C d such that ||A|| P = 1 and 
|w 7 (A)| > ||7|| 9 — e. By part ((4]) (already proved), we have ||p(sa)|| = 1- Using 
Lemma \1. 141 at the third step, we then get 

l|p(*r)ll = \\p(ty)\\ ■ \\P(*X)\\ > ||p(tr)p(*A)|| = K(A) • 1|| > ||7||, - e. 

Since e > is arbitrary, the desired conclusion follows. 

We now show the reverse. Let 7 G C d and let £ G L p (X,p). Let the disjoint 
sets Xj be as in ([3]) (already proved). Set £j = £|x,-. Since p(tj) is a spatial partial 
isometry with domain support Xj, Lemma I53t l2"j) gives ||p(tj)£llp = ||£j||p- Now, 
using Holder's inequality at the third step and Remark |2~T1 at the last step, we get 



d 

\\p(hm P <J2\^\-\\p^\p 



3=1 v J J 

So ||p(f 7 )|| < || 7 || 9 . □ 

Lemma 7.10. Let A be any of Ld, Cd, or L^. Let p G [1, 00) \ {2}, let (X, B, p) be 
a c-finite measure space, and let p: Ld — > L(L P (X, p)) be a representation. Adopt 
the notational conventions of Definition 17.61 in case A = L^. 

(1) Suppose p > 2. If p is forward isometric and for all A 6 C d we have 
Hp( s a)|| < ||"Mlj>) then p is disjoint. 

(2) Suppose p < 2. If p is strongly forward isometric and is p-standard on 
span(si, S2, ■ ■ ■ , Sd), then p is disjoint. 

Proof. For each j, Theorem 16.91 implies that p(sj) is semispatial. Let Sj be its 
semispatial realization and let Xj be its range support. 

Let £ G L p (X,p). We now claim that, under either set of hypotheses, p(sj)£, and 
p(sk)£, have essentially disjoint supports for j ^ k. 

Assume the hypotheses of (fTJ) . Let Si, 82, ■ ■ ■ , Sg be the standard basis vectors 
in C d . Use the hypotheses with the choices A = Sj + 5k and A = Sj — 5k at the first 
step, and the fact that p{sj) and p(sfc) are isometric at the second step, to get 

(7.2) \\p( Sj )z + P (s k w P + \\ P ( Sj )z - P (s k )a p P < 2M\\ p P + mw; 

=2\\p(sjW P +np(s k )m- 

By Corollary 2.1 of [IS], we must have in fact 

\\p(s^ + p(sk)Z\\ p p + \\p(sj)£ p(s k W P = 2\\p( Sj )a p P + 2\\p(sk)Z\\ P P , 
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and it then follows, by the condition for equality in Corollary 2.1 of [18], that p(sj)£ 
and p(sk)£ have essentially disjoint supports. 

Now assume instead the hypotheses of @. In this case, 

Wp(sM + p(sk)a p P + \\p('j)t - PiskMl = ¥i + h\\ p U\\ p P + \\Sj h\\ p U\\ p P , 

so we have equality at the first step in (|7.2j) . The condition for equality in Corol- 
lary 2.1 of [IB] therefore implies that p(sj)£ and p{sk)£, have essentially disjoint 
supports. The claim is proved. 

Since p is cr-finite, there is £ € L p (X,p) such that £(x) > for all x G X. It 
follows from the definition of a semispatial partial isometry, Proposition[5J3lj6]) , and 
Lemma l6TJ[T]) that p(sj)t; is nonzero almost everywhere on Xj, and similarly that 
p( s fc)£ i s nonzero almost everywhere on X^. Therefore Xj and X^ are essentially 
disjoint. The conclusion of the lemma follows. □ 

Corollary 7.11. Let A be any of Ld, or L^, Let p G (1, oo)\{2}, let (X, B, p) be 
a cr-finite measure space, and let p: Ld — > L(L p {X,p)) be a representation. Adopt 
the notational conventions of Definition 17.61 in case A = L m . Let q G (l,oo) \ {2} 
satisfy i + i = 1, and let p' : A ->■ L(L q (X, p)) be as in Lemma T2.2 II 

(1) Suppose p > 2. If p is p-standard on span(ti,£2, ■ ■ ■ ,td) and p' is strongly 
forward isometric, then p' is disjoint. 

(2) Suppose p < 2. If for all A G C d we have ||p(£a)|| < ll^llgi an£ i p' is forward 
isometric, then p' is disjoint. 

Proof. Under the hypotheses of ([T]), we have q < 2. Also, by duality, for A G C d we 
have 

\\p'(sx)\\ = \\p(tx)\\ = \\M\ q . 

Therefore p' satisfies the hypotheses of Lemma 17.101( 2]) , with q in place of p, so is 
disjoint. 

A similar argument shows that if p satisfies the hypotheses of ([2]), then p' is 
disjoint by Lemma f7. lOlf Tj) . □ 

Lemma 7.12. Let d G Z>o, let p G [1, oo) \ {2}, let (X,B,p) be a cr-finite mea- 
sure space, and let p: Ld — > L(L P {X, p)) be a representation which is disjoint 
(Definition I7.4I[ T])) and forward isometric (Definition I2.12t[ 2])). Then p is spatial 
(Definition El©)- 

Proof. Let X\, X2, ■ ■ ■ , Xd C X be the sets of Definition l7.4lf T]). so that ran(p(sj)) c 
L p (Xj,p) for all j. Since J2"j=i P( s j)p(tj) = 1> tne dosed linear span of the ranges 
of the p(sj) is all of L P (X, p), so (up to a set of measure zero, which we may ignore) 
UjLi Xj = X and ran(p(sj)) = L p (Xj,p). It follows from Lemma T6. 161 that p(sj) 
is a spatial isometry for j = 1,2, ... ,d. Using Lemma r6.12l| 3]). Definition 16.131 and 
Uj=i Xj = X, we see that there is a representation a: Ld — > L(L P (X, p)) such 
that, for j — l,2,...,d, we have cr(sj) — p(sj) and cr(ij) is the reverse of p(sj). 
Clearly a is spatial. Lemma 12.111 implies that p = a. □ 

Proof of Theorem \7. 7] We begin by observing that ([1]) implies all the other condi- 
tions. For ([2]) and (]3]), this is trivial. For all the others except ([TO]) , this follows from 
the various conclusions of Lemma 17.91 To get (|10|) , we must also use Lemma I7.9t] 9]) 
to see that p 1 is spatial, and then apply Lemma l7T9l| 2]) to p' . 
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We now prove that all the other conditions imply ([T]) (omitting <j3j> , (fT0|) . and (fT4|) 
when p = 1), mostly via one of ©, ©, or ([14]). That © implies (JTJ> is Lemma P7T21 
To see that (jT4"]) implies (TTJ) for p ^ 1, we apply Lemma [TjUjn]) to p 1 and use (//)' = p. 
We prove that ([2]) implies ([6]) (and hence also implies (fT])). For j = 1,2, ... ,d, let 
C X be the range support of p{sj). Then ran(p(sj)) = L p (Xj,p) because p(sj) 
is spatial. Therefore va,n(fl(sjtj)) = L p (Xj,p). If now j ^ fc, then p(sjtj) and 
p(sktk) are idempotents whose product is zero, so L p (Xj,p) n L p (Xk,p) — {0}. 
Disjointness of /? follows, and the other past of © is immediate. 

For p ^ 1 , we prove that ([3]) implies f| 14[) . It follow from Lemma 16.211 that // 
satisfies ([2]). We have already proved that ([2]) implies ([T]), so we conclude that p' is 
spatial, which is ([M)) . 

To prove that (j4]) and © imply ([6]), we use the implication from (jTJ to (J5]) 
in Theorem 17.21 to conclude that p is disjoint. If we start with ([5]), we also use 
Remark [231 

That ||7J implies ([6]) is Remark l2.13[ and that jSJ implies (J6]) is clear. 

That (9J implies ([6j follows from Lemma I77T01 We prove that if p ^ 1 then (|10p 
implies (fT4| . It follows from Corollary 17.111 that p 1 is disjoint. We have already 
proved that ([6]) implies ([lj, so we conclude that p 1 is spatial, which is (fT4|) . 

We now prove that (jTTJ) implies ©. Since we already proved that © implies (JS|), 
this will show that (JTTJ) implies ©. Let A e C d and let £ G L p {X,p). Using the 
assumption at the second step, we get 

II/>(«a)£||p = |I(p(*i) P(s 2 ) ••• p(s d ))(X^,X^,...,X^)\\ p 
= ||(A 1 £, A 2 £, A d £)|| p = ||A|| p ||e|| p . 

This equation implies both parts of condition (j9]). 

That (fT2"]) implies ([2]) is immediate from Lemma l6.16l To see that (TT3|) implies ([2} , 
use in addition Remark l2.13l □ 

8. Spatial representations give isometric algebras 

In this section, we prove that for d < oo, any two spatial representations of (in 
the sense of Dcnnition l7.4[ j2"j)) on L P {X, p), for the same value of p, give isometrically 
isomorphic Banach algebras. The main technical tools are the notion of a free 
representation fDefinition l8.ll) and the spatial realizations of spatial isometries. 

Definition 8.1. Let A be any of Ld ( Definition II. ip . Cd (Definition II. 2[) , or L m 

(Definition II. 3[) . Let (X,B,p) be a a- finite measure space, let p S [l,oo], and let 
p: A — > L{L p (X,p)) be a representation. 

(1) We say that p is free if there is a partition X = ]J meZ E m such that for all 
to G Z and all j, we have 

p{s 3 ){L p {E m ,p)) C L v (E m+ x,p) and p(^)(^ P (£ m , M)) C L p {E m ^,p). 

(2) We say that p is approximately free if for every iV G Z>o there is n > N 
and a partition X = U^j = n E m such that for m = 0, 1, . . . , n — 1 and all j, 
taking _E„ = E'o and i^-i = E n —i, we have 

p(s,)(i p (£; m ,M)) C L p (E m+1 ,p) and p(^)(i p (-Bm,^)) C L p (E m _\, p). 

When dealing with approximately free representations, we always take the index to 
in E m mod n. 
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To produce free representations, we follow Lemmas 12.181 l2~T9l and !2.20l produc- 
ing representations of the form (/?(•) (g) l) 1 ®" for suitable u. To simplify the notation 
and avoid conflict, we will abbreviate this representation to p u . 

Lemma 8.2. Let A be any of La (Definition II .lj) . Cd (Definition II. 2[) . or L m 
(Definition II .3[) . Let p £ [l,oo). Let (X,B,fi) and (Y,C,v) be cr-finite measure 
spaces. Let p: A — > L(L P (X, p)) be a representation, and let u G L(L p (Y 1 v)) be 
invertible. Then there exists a unique representation p u : A — > L(L P (X xY, /ixy)) 
such that for all j we have (using the notation of Theorem 12 . 1 Glj ^l) ) 

p u {sj) = p(sj) <8> u and p u (tj) — p(tj) <X> 
This construction has the following properties: 

(1) If a G A is homogeneous of degree k (with respect to the Z-grading of 
Proposition 1 1.7p . then p u (a) = p(a) (g> u k . 

(2) If u is isometric, p / 2, and p is spatial (Definition I7.4[f 2"jl), then p u is 
spatial. 

(3) If there is a partition Y = U meZ F m such that u(L p (F m ,u)) — V(F m+ i,v) 
for all m G Z, then /o u is free in the sense of Definition l8.1t| Tl) . 

Proof. Existence and uniqueness of p u follow from Lemma 12.171 combined with the 
appropriate one of Lemmas 12.181 [2~T9l and 12.201 taking v = it" 1 if A = Cd or L^. 

It suffices to prove part Q when a is a product of generators Sj and tj. By 
Lemma ri.l0l| 4|. we may assume that there are words a, (3 G such that a = s a tp. 
Then deg(a) = 1(a) — 1(0) (by Lemma ri.l0l( 2|)). and one checks directly that 

Pu(s a t„) = p( Sa tp)®U 1 ^- 1 ^. 

We prove ([2]). Lemma \6 . 161 implies that u is spatial, and Lemma f6 . 1 2 f |4|) implies 
that it -1 is the reverse of u. Now apply Lemma T6.20I to conclude that p(sj ® u) is 
spatial with reverse p(tj) 

To prove ([3]), we use the partition 

X xY=]JX xY m . 

The sets X x Y m clearly have the required properties. □ 

The construction of Lemma 18.21 preserves various other properties of representa- 
tions, but we will not need this information. 

Proposition 8.3. Let A be any of Ld (Definition II .lj) . Cd (Definition [OJ , or 
(Definition ll.3|) . Let p G [1, oo), let (X,B,fi) be a cr-finite measure space, and let 
p: A — > L(L P (X, /j,)) be a representation. Let u G L(l p CL)) be the bilateral shift, 
(urj)(m) — rj(ra — 1) for rj G Z P (Z). Let p u be as in Lemma [8.21 Then for every 
a G A we have ||p M (a)|| > ||p(a)||. 

Proof. Let a G A. Let e > 0; we show that ||pu(a)|| > ||p(a)|| — e. 

Recall the Z-grading of Proposition 11.71 Choose iVo G Z>o such that there are 
homogeneous elements 

fl-Aoi a*~N 0+ i, . . . , oj\[q — i , &Nq G A 

such that deg(afe) = k for all k and a = J2k=~N ak - Choose ( G L p (X,p) such 
that 

||C|| P = 1 and \\p(a)C\\ > ||p(o)|| - 
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Set r = ||p(o)C||- If r < \e, then ||p(a)|| < e, and we are done. Otherwise, choose 
N G Z>o such that 

N rP 



N > 



VP _(r- \ef 



Let v be counting measure on Z. We identify L p (XxZ, pxv) with the space of all 
sequences £ = (£ m ) me z with £ m G L P (X, p) for all m and such that X)mez < 
oo, with 

i/p 



i p =(e«1 

VmeZ / 



Now define £ 6 LP(X x Z, /i x i/) by 



|n|>7V 
(2N+l)~ 1 / p C |n|<iV. 



Then = 1. 

Set 77 = p u (a)£. We have = £m-i for all m G Z. Using Lemma I5T2TT 1). 

for all to G Z with -iV + AT < m < N - N we get 

N 

r ]m = E ( 2iV + l)" 1/p pK)Cm-fc 

Wo 

= (27V + 1)-Vf 2 p(a k K=(2N + l)- 1 /Pp(a)C 

k=-N 

There are 2N — 2Nq + 1 such values of to. It follows that 

\\r]\\P p > (2N - 2N + 1)(2N + l)- 1 ||p(a Jfe )CH? = f ^TTT^ 

>( 1 -^)^>(l-=^^)^-(r-W. 
So 

|M|>r-| e =||p(o)C||-|e>||p(o)||-e. 
This shows that ||p u (a)|| > ||p(a)|| — e. □ 

Corollary 8.4. Let A be any of Lj, Cd, or L m . Let p £ [1, 00) \ {2}. Then there 
exists an injective free spatial representation of A on Z p (Z>o). 

Proof. By Lemma [71)1 there is an injective spatial representation p of A on / p (Z>o). 
Let p u be the representation of A on Z P (Z >0 ) <S> P P(Z) = P(Z >0 ) of Proposition l8.3l 
The inequality ||p u (a)|| > ||p(a)|| for all a G A implies that p u is also injective. 
Moreover, p u is spatial by Lemma \8. 2 [j 2")l and free by Lemma T8. 2 [( 5]). □ 

We want to prove an inequality in the opposite direction from that of Proposi- 
tion 18.31 We need a lemma. 



Lemma 8.5. Let (X,B,fi) be a er-finite measure space, with /1 / 0. Let d G 
{2,3,4, ...,00}, let Xi,X 2 ,...,X d C X (Xi,X 2 ,... C X if d = 00) be disjoint 
measurable sets, and for each j let Sj be an injective measurable set transformation 
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(Definition 15 .4p from (X,B,fi) to {Xj,B\x j , n\xj) ■ Then for every n £ Z>o there 
exists E € B with fi(E) ^ such that the elements 

S a (i) ° S a(2 ) o • • • o S , Q(m) ([£']) e B/AfQi), 

for all m £ {0, 1, 2, . . . , <£} and all words a = (a(l), a(2), . . . a(m)) £ Wj^ (see 
Notation II. 8|) are disjoint in the sense of Definition 14.41 

Proof. In this proof, we will write expressions like Sj{E) for measurable subsets 
E C X, meaning that Sj(E) is taken to be some measurable subset of X whose 
image in B/Af(fi) is Sj([E]) in the sense of Definition 14. 131 We remember that such 
a set is only defined up to sets of measure zero. Also, disjointness and containment 
of subsets of X will only be up to sets of measure zero. No problem will arise, 
because we only deal with countably many subsets of X, and we can therefore 
make the conclusion exact at the end by deleting a set of measure zero. 

By analogy with Notation 11.91 for a word a = (a(l), a(2), . . . , a(m)) £ W^, we 
define 

S a = S^i) ° S a (2) o • • • o 5 n ( m ), 

which is a measurable set transformation from (X, B, fi) to a suitable subset of X. 
We take S = idg/^f^)- As with products of generators of L4, if a, ft G and 
a/3 is their concatenation, then S a o Sp = S a p . 

We first claim that for all m e Z >0 and all a, j3 € W^, we have S a (X)nSp(X) = 
0. To see this, let k be the least integer such that a(k) ^ f3(k). Set 

a = (a(k), a(k + l),..., a(m)), /?o = (/?(&), /3(fc + 1), • . • , (3(m)), 

and 

7 = (a(l),a(2),...,a(fc-l)). 

Then 700 = a and 7/?o = The sets S ao (X) and Sp (X) are disjoint be- 
cause they are contained in the disjoint sets X a ^ and Xp(u\. It now follows from 
Lemma |4.10I |2|) that (S 7 o 5 Qo )(A) and (5 7 o Sp )(X) are disjoint, which implies 
the claim. 

Our second claim is that if D C X and n € Z>o satisfy /i(I?) > and D n 
S[ l (D) = 0, then there exists a subset F C D such that /i(-F) and such that 
for all m S Z>o such that m divides n, we have F PI S*™(F) = 0. To prove the 
claim, first observe that if for some fixed m we have Ffl 5 l ™(i 7 ') = 0, then for every 
subset G C F we also have G fl 5™(G) = 0. Thus, if we prove the claim for just 
one divisor m of n, an induction argument will yield the claim as stated. 

Define F = D \ (D n Sf(D)). Clearly F n 5f(F) = 0. We need only show 
that /j,(F) > 0. Suppose not. Then (as usual, up to a set of measure zero) we have 
D C Sf (.D). By induction, we get D C S\ m (D) for all fc 6 Z >0 . In particular, 
D C S?(D), which contradicts D n 5f (£>) = and //(£>) > 0. The claim is proved. 

Our third claim is that for all n e Z >0 , we have /i(S n (X) \S 2n (X)) ^ 0. Indeed, 
X\S"(X) contains X\Si(X), which contains S 2 (X), and ^(5 2 (A)) > because S2 
is an injective measurable set transformation. Since 5*™ is an injective measurable 
set transformation, it follows that fi(Sl l (X \ S"(X)) ^ 0. This proves the claim. 

Set N = nl Define E = Sf (X) \ Sf N (X). Then fi(E ) > by the third claim, 
and also E n S^(Eo) = 0- The second claim therefore provides a subset E C E n 
such that /!(£;) ^ and such that E n 5{"(£') = for m = 1, 2, . . . , n. 
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We show that E satisfies the conclusion of the lemma. So let a and j3 be distinct 
words with length at most n. We have to prove that S a (E) n Sp(E) — 0. Without 
loss of generality 1(a) > 1(0). 

Suppose 1(a) = l((3). Then, using the first claim at the second step, 

s a (E) n Sp(E) c s a (x) n s p (X) = 0. 

Suppose now 1(a) > l(/3). Set m = 1(a) and r = l(/3). Define a new word 7 with 
l(j) = m by 

7=(/3(l),/3(2),...,/?(r) 1 l,l,...,l)- 

Thus SL Y = Spo S?- r . 

We consider two cases, the first of which is 7 ^ a. Then, since m — r < n < N, 

S a (E) c S a (X) and Sp(E) C Sp(S? (X)) C S 7 (X). 

So S a (E) n Sfs(E) = by the first claim. 
It remains to consider the case 7 = a. Then 

S a (E) n Sp(E) = Sp(sr~ r (E)) n 

Since ~ r (£0 fl -E 1 = 0, it follows from Lemma H3UE1) that S a (E) n S^JB) = 
0. □ 

Proposition 8.6. Let <i G {2,3,4,...}, and let (X,B,fj) and (Y, C,^) be a-finite 
measure spaces. Let p 6 [1, 00) \ {2}. Let p: L4 — > L(L P (X, //)) be an approximately 
free spatial representation, and let 99: id — > L(L P (Y, v)) be a spatial representation. 
Then for all a € Ld, we have ||p(a)|| < ||yj(a)||. 

Proof. We adopt the same conventions with regard to measurable set transforma- 
tions as described at the beginning of the proof of Lemma 18.51 In particular, set 
operations and relations are only up to sets of measure zero. Also, as there, for the 
measurable set transformations Sj and Rj defined below, we write 

S a = o S a ( 2 ) o • • • o S a ( m ), 

and define R a similarly. 

By definition, the operators ip(sj) are spatial isometries. Therefore they have 
spatial systems (Y, Yj, Sj,gj), in which Sj is a bijective measurable set transforma- 
tion. In particular, ip(s j )(L p (E, (i)) = L p (Sj(E), fj). By Lemma , the sets Yj 
are disjoint. Since d < 00, we get Y — U, =1 Yj. 

Similarly, the operators p(sj) have range supports, say, Xj, and X = JJ - =1 Xj. 
Moreover, the spatial realization i?j of p(sj) is a bijective measurable set transfor- 
mation from X to Xj. 

Let a G Ld- We want to prove that ||p(flt)|| < ||y>(o)||. By scaling, without loss 
of generality ||p(a)|| = 1. Apply Lemma fl.121 obtaining iVo G Z> , a finite set 
F C , and numbers G C for a G F a and f3 G W$ , such that 

Set iVi = max ({1(a) : a G Fq}). Let r be any fixed word of length Nq. Set b = s r a. 
Set F = {ra : a G F }. Thus, for all a G F, we have iV < Z(a) < N + Ni. For 
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aef and /3 G WjJ- ) write a = rao with ao £ Fo, an d set X a ^ — a. Then 

Since p and (/? are both contractive on generators (by Lemma l7.9l[T|) ). we have 

||p(o)|| = \\p(t T )p(s T a)\\ < \\p(t T )\\ ■ \\p(s T a)\\ 
<\\p(b)\\<\\p(sr)\\-\\p(a)\\<\\p(a)\\, 

- \\<p(a)\\. It therefore suffices to prove 



so = ||jO(a)|| = 1) and similarly \\ip( 

that 11/9(6)11 < \\<p{b) || . 

Let e > 0. We prove that ||<p(6)|| > 1 — e. If Nq = N% = 0, then 6 is a scalar, and 
this inequality is immediate. Otherwise, No + Ni > 0. Choose r G Z>o such that 

r > (N +Nx) ' ' ' 



Choose ^ (0) G LP(X,p) such that 

||C (0) || p = l and || p (6)^)|| p >l_Ie. 

Since p is approximately free, there is N > (Nq + N\)r and a partition X = 
Y[m=o Dm such that for m = 0,1,..., N — 1 and all j, taking Dn = Do and 
D_i = Djv-i, we have 

p( S] )(Lf(/} ra)/1 ))cff(fl m+ i l(1 ) and ^.J^^^Cifp™.!, /i). 



Write 



JV-l 

e (0) = E ^ 0) 



m=0 



with^ } eLP(D m ,p) for m = 0,l,...,iV-l. 

We claim that there is a set T of -/V + iVj consecutive values of m such that 



IV £ (0) 



Since the sets D m are disjoint, Remark |2 . 71 gives 



IE 



:(0) 



Elle 



(0)||P 



It is therefore enough to prove that there is a set T of No + N% consecutive values 
of m such that for all n G T we have 



(0)1 



£ 

< - 



1 



l/p 



'p 2\N + N K 

Suppose that there is no such set T. Then, in particular, for fc = 0, 1, . . . , r — 1 
there is 

n k G [fc(JV + iVi), (k + 1)(N + Ni)) n Z 

such that 

i/p 



|.(o)|| >l( 1 
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Then 



contradicting £ 



(0)1 



k=0 

1. This proves the claim 



1 



N Q + N X 



> 1, 



By cyclically permuting the indices of the sets D m , we may assume that 



E 



N-l 



m=N-N 1 



(0) 



< 



Define 



and 



,(0) 



N < m < N - Ni - 1 

< m < N Q - 1 and TV - Ni <m < N -1 



w-i 



m=0 



(0) 



ATo-l 
m=0 



AT-1 

V £ (0) 

/ y Sm 
m=N—Ni 

Then ||£-£ (0) || < je, so ||p(6)£|| > 1 - e. Also clearly < = 1. 

Following Lemma \2.17\ except with the factors in the other order, define a repre- 
sentation ip: Ld—> L( y L p {X xY, fix v)) by tp(c) = 1 ® <p(c) for all c G L<j. It follows 
from Lemma [2.171 that ||^(b)|| = ||y>(6)||. We are now going to define an isometry 
(not necessarily surjective) 

u : L P (X, n) -> L P (X x Y, (j, x v) 

which will partially intertwine p and ip. 

The bijective measurable set transformations Rj at the beginning of the proof 



preserve disjointness and finite intersections and unions. Since X 
identifying, as usual, sets with their images in B/Af(n), we get 

d 

D m +i 



IIf=i^\ 



X-:, and 



3=1 



for m = 0, 1, . . . , N - 2. Define 



itf-1 



w=\Jwt 



Set D 1 = i? 7 (A)) for 7 G W. Then 



II ^7 

For 7 G W, define e 7 = m(xD^) £ L(L P (X, fi)) (following Notation ETT]). Then the 
e 7 are idempotents of norm 1 and J2-yew e ~i = 1- 



X = 



Apply Lemma 18.51 to the injective measurable set transformations Sj at the 
beginning of the proof, obtaining a set E C Y with v{E) ^ such that the sets 
E 1 = S^(E), for 7 G W, are disjoint. Then <p(sJ(LP(E, v)) = L p (E y , v) for all 7. 
Choose ?7o G L p {E,v) such that |[?7o[[p = 1- 

As in Theorem [211 identify L P (X xY, fix v) with V(X, fi) ® p L P (Y, v). For 
any £ G £ P (A, ^) (not just the specific element £ considered above), define 
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Then u G L(LP(X,n), D>(X x Y, fix u)). 

We claim that u is isometric. Let £ G L P (X, p) be arbitrary. Since the sets D 7 
are disjoint, Remark |2 . 71 gives 

IKII?= E II^Hp- 

jew 

On the other hand, for 7 G W, we have L p (D^,p) C ran(p(s 7 )), so ||p(i 7 )e 7 £|| p = 
||e 7 £|| p . Also, the elements p(i 7 )e 7 £ (g> <p(s 7 )t?o are supported in the disjoint sets 
X x E.y (in fact, in D x E 7 ), so (using ||i^(s 7 )rjo||p = ||%||p = 1 at the third step) 

1 1 I p 

H w ^llp = E cw^-rK^ ® ( ^( s 7) 7 ?o 

II 7^ W \ p 

= E l|p(ty)e^ellf ' IkKMI* = E H e ^Hp = W- 
jew jew 

This completes the proof that u is isometric. 
Now set 

Ni N +N! 

Go = (J W ™ and G = U ^ = { a o«i : «o e Go and ttl G W& }. 

m— m=ATo 

Thus, G is the set of all words with lengths from TVo through Nq + Ni, and F C G. 
Wc can therefore write 



.1) fo = E E ^,ps a t 



by taking A Q „g = for a G G \ F. 

We claim that for any £ G L p (X,p) which is supported in 

N-Nx-l 

u u 

m—No -y^W^ 

and any b <E Ld of the form f|8.ip (not just the particular 6 used above), we have 

(8.2) up(b)t = tf,(b)ut. 

By linearity, it suffices to prove that for each 7 G W with Nq < £(7) < N—Ni — 1, 
the claim holds for all £ which are supported in D 1 . Write 7 = 7071 with 

7o6W# and < £(71) < N — Nq — N\ — 1, 

Then £ G ran(p(s 7 )) C ran(p(s 7o )), so p(s 7o )p(£ 7o )£ = £. For /3 G Wjf , we have 

P(&)£=E E A ",/3P( S a)p(t / 9)p(s 70 )p(i 70 )C = E A ".7oP( s «)p( t 7o)^- 

Since 7 = 7071, the element p(i 7o )£ is supported in D 7l . Let a £ G. Since + 
?(7i) < AT — 1, it follows that p(s a )p{t-y )t; is supported in D ail . Therefore (recalling 
that Notation O 

= p{t 7l t a s a t^ a )^ (g) (p(s am )riQ = p(< 7 )£ ® (^(s a7l )77 . 
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Thus 

On the other hand, using i^s 7o = 5p, l0 for /3 6 W$ at the third step, 
= (1 ® ^(&))(p(i 7 )£ <8> 

= X! A «.7aP(*7)C ® V(Sa)<^(s 7l )?70 = 

This completes the proof of the claim. 

We now return to our specific choices of £ and b. They satisfy the hypotheses in 
the claim, so we have, using (|8.2I) in the second calculation, 

IKII P =||£]| P <1 and \\i>(b)<\\p = \\Mm\p = \\pm\ P >i-£- 

Therefore ||y(6)|| = H^WII > 1 — £■ This completes the proof. □ 

Theorem 8.7. Let d G {2, 3,4,.. .}, let (X, B, p) and (Y, C, v) be c-fmite measure 
spaces, and let p: Ld — > L(L P (X, pj) and (p: L4 —> L{L p {Y,v)) be spatial repre- 
sentations f Definition 17. 4p |)V Then the map p(sj) 1— > ip(sj) and p(tj) 1— > p(tj), for 
j = 1, 2, . . . , d, extends to an isometric isomorphism p{Ld) — > <p(Ld). 

Proof. The statement is symmetric in p and ip, so it suffices to prove that for all 
a e L d , we have \\<p(a)\\ < \\p(a)\\. 

Let u € L(P(Z)) be the bilateral shift, and let p u : L d -> L{L p {Y,v) <g> l p (Z)) 
be as in Lemma 18.21 Proposition 18.31 implies that ||<^(a)|| < ||y? u (a)||. Since <p u 
is free (by Lemma l8.21f 3j)). it is clearly essentially free. Since ip u is spatial (by 
Lemma [8T2T f2|) ) . Proposition 18.61 therefore implies that ||y>u(a)|| < ||p(a)||. □ 

Theorem 18.71 justifies the following definition. 

Definition 8.8. Let d 6 {2, 3,4,.. .} and let p 6 [1, 00). We define O p d to be the 
completion of Ld in the norm a 1— > ||p(a)|| for any spatial representation p of Ld 
on a space of the form L P (X, p) for a a-finite measure space (X, B, p). We write Sj 
and tj for the elements in O p obtained as the images of the elements with the same 
names in L^, as in Definition 11.11 

When p = 2, we get the usual Cuntz algebra Od- Indeed, if p is a spatial represen- 
tation on L 2 (X, p), then, by Remark fG.Ml we have p(tj) = p(sj)* for j = 1, 2, . . . , d. 
Thus, p is a ^-representation. 

Proposition 8.9. Let d € {2,3,4,...}, let p e [l,oo) \ {2}, let (X,B,p) be a 
a- finite measure space, and let p: O p — )• L(L P (X, p)) be a unital contractive homo- 
morphism. Then p is isometric. 

Proof. Let po be the composition of p with the obvious map Ld — ► 0^. By The- 
orem it suffices to prove that po is spatial. We prove this by verifying condi- 
tion ([5]) of Theorem 17. 71 (By the last part of Theorem 17. 71 this suffices when p = 1 
as well as when p G (1, 00) \ {2}.) That po is contractive on generators is immediate. 
Also, the obvious map sending the standard matrix unit e^fc € Md to Sjtfc G 0^ 
is isometric from M p to C^, by Lemma IT1?I| 51) and the equivalence of conditions 
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([l} and {3J in Theorem 17.21 Therefore the restriction of po to span((sjifc)j fe=1 ) 
is contractive as a map from M p to L(L P (X, p)). The equivalence of conditions 
([l} and (j4j in Theorem 17.21 therefore shows that this restriction is spatial. This 
completes the verification of condition ([5]) of Theorem 17.71 □ 

Corollary 8.10. Let d £ {2,3,4, . . .}, let p £ [l,oo)\{2}, let (X,B,p) be a a-finitc 
measure space such that L p (X,p) is separable, and let p: O p — > L(L P (X, p)) be a 
not necessarily unital contractive homomorphism. Then p is isometric. 

Proof. It is clear that e = p(l) is an idempotent in L(L P (X, //)). Set E = ran(e). 
Then p defines a contractive unital homomorphism from O d to L{E). 

The hypotheses imply that ||p(l)|| = 1. It follows from Theorem 3 in Section 17 
of [17] that there is a measure space (Y, C, v) such that E is isometrically isomorphic 
to L P (Y, v). Since L P (X, p) is separable, so is E, and therefore we may take v to be 
a- finite. Now apply Proposition 18.91 □ 

Unfortunately, unlike the case of C*-algebras (p = 2), we know of no result which 
allows us to deduce simplicity of O p from Proposition 18.91 or Corollarv l8.10l or the 
other way around. We will prove simplicity of O p d in [22], using methods much 
closer to those used in the C*-algebra case in [9]. 

9. NONISOMORPHISM OF ALGEBRAS GENERATED BY SPATIAL REPRESENTATIONS 

FOR DIFFERENT p 

To what extent do the various algebras O d differ from each other? Taking 
p = 2, the K-theory computation in [KJ] shows that, for d\ ^ di 1 we have 0\ ^ 
O d . We will show in [33] that the K-theory is the same for p ^ 2 as for p = 2, 
giving the analogous nonisomorphism result. Here, we address what happens when 
one instead varies p. Here, K-theory is of no help. Instead, we show by more 
direct methods that for pi ^ p2 and for d\ and d<i arbitrary, there is no nonzero 
continuous homomorphism from O p di to O d 2 2 . In fact, there is no nonzero continuous 
homomorphism from O^ 1 to L(P 2 (Z>o)). 

This result gives a different proof of the fact (Corollary 6.15 of [6]) that for dis- 
tinct pi,P2 £ (1, oo), there is no nonzero continuous homomorphism from L(l Pl (Z>o)) 
to L(/ P2 (Z>o)). (We are grateful to Volker Runde for providing this reference. In 
this connection, we note that Corollary 2.18 of [B] implies that if E and F are 
Banach spaces such that L(E) is isomorphic to L(F) as Banach algebras, then E 
is isomorphic to F as Banach spaces.) 

Lemma 9.1. Let p £ [l,oo). Let (X,B,p) be a a-finite measure space. Let 
p: Loo — > L(l p (X, p)) be a spatial representation. Let E be a Banach space. 
Suppose there is a nonzero continuous homomorphism (p: p(Loo) — > L{E). Then 
Z p (Z>o) is isomorphic as a Banach space (recall the conventions in Definition 12. 2p 
to a subspace of E. 

Proof. The element </?(!) £ L(E) is an idempotent. Replacing E by ip(l)E, we may 
assume that (p is unital (and E is nonzero). 
Let q £ (1, oo] satisfy | + ~ = 1. 

Let A i— > s\ and A h- > t\ be as in Definition II . 131 for L^, For p £ (1, oo), it follows 
from Lemma [779l| 4l and Lemma mJtf Sj) that the maps A i— > p(s\) and A i— > p(t\) ex- 
tend to isometric maps s p : l p (Z >0 ) ->■ L{L P {X, p)) and t p : l q (Z >0 ) ->• L(L P (X, p)). 
For p = 1, we similarly get s p as above and t p : Co(Z >0 ) — > L(L P (X, p)). 
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Fix 770 G E with ||^o II = 1- Define v. Z p (Z>o) — ► E as follows. For A = 
(Ai, A2, . . .) £ Z p (Z>o), set v(X) — tp(s p (\))rio. Then v is bounded, because 

IKA)||<IMI- 11*^)11 • Nil = HI -IIAHp. 

We claim that for all A G Z P (Z >0 ), we have ||«(A)|| > |M| _1 ||A|| P . The claim 
will imply that v is an isomorphism of Z p (Z>o) with some closed subspace of E, 
completing the proof of the lemma. 

We prove the claim. Let A G Z p (Z>o). Without loss of generality A ^ 0. First 
suppose p ^ 1. It is well known that there exists 7 G Z 9 (Z>o) \ {0} such that 

00 

(9.1) E^- = i 

j'=i 

and 

(9-2) hllsHIAH; 1 . 

(The method of proof can be found, for example, at the beginning of Section 6.5 

of El.) 

By Lemma Tl. 141 for every n G Z>o we have 

Letting n — >• 00 and applying (|9.1[) . we get i p (7)s p (A) = 1. Therefore 

% - ^(t p ( 7 ))^( S p (A))r; = ^ P (7)MA). 
So, using (|9.2j) at the third step, 

1 = ||7?oll < ll^ll - ll^(-y)ll - ll^(A)|| = [|^[[ - UAH- 1 - ||^(A)1[. 

It follows that ||u(A)|| > |M| _1 ||A|| p) as desired. 

Now suppose p = 1. Let e > 0. Choose 7 G co(Z>o) with finite support and such 
that 7jAj > for j G Z >0 , 
00 

537 i A i >l-e, and || 7 || g = ||A|| p 1 . 
i=i 

Then i p (7)s p (A) = a • 1 with a > 1 - e. We get 

a77 =^ p ( 7 )MA) and 1 - e < |M| • ||A|| p 1 • ||«(A)[[. 
Since e > is arbitrary, we again get ||u(A)|| > ||v|| _1 ||A|| p , as desired. □ 

Theorem 9.2. Letpi,p2 G [1, 00) be distinct. Let A be any of Ld fDehnition ll.il) . 
C d (Definition OJ), or (Definition [T3J . Let p; A -> L(Z Pl (Z >0 )) be a spatial 
representation. Then there is no nonzero continuous homomorphism from p{A) to 
L(Z»(Z >0 )). 

Proof. Suppose that <£>: p(-Ai) — > L(/ P2 (Z>o)) is a continuous homomorphism. 

Regardless of what A\ is, there is a unital homomorphism ip : L M — > A\ such 
that (in the notation of Definition II. 3|) 

^( s (°°)) =4 Sl and tl>($ o) )=t 1 4 

for all j G Z>o- Since p is spatial, one easily checks that p o ip is a spatial represen- 
tation of Lqo on Z Pl (Z >0 ). Set £? = (po^fi^). Then Lemma |9~T1 applied to <p\g, 
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provides an isomorphism of / Pl (Z>o) with a subspace of Z P2 (Z>o). The remark after 
Proposition 2. a. 2 of [19 (on page 54) therefore implies that p\ = p%. □ 

Corollary 9.3. Let Pi,P2 & [U °o) be distinct. Let A\ and A2 be any two of 
L d (Definition [TTj). C d (Definition Oj). or (Definition [T3) . Let p x : A x 
L(l Pl (Z>o)) be a spatial representation (Dcfinition l7.4lf 2j0. and let pi : A2 — > L(l P2 (Z 
be an arbitrary representation. Then there is no nonzero continuous homomorphism 
from p(Ai) to p{A 2 ). 

Proof. Combine Theorem 19.21 and Lemma [7751 □ 

In particular, there is no nonzero continuous homomorphism from 0^ to P2 . 
We recover part of Corollary 6.15 of [6]. 

Corollary 9.4. Let Pi,f>2 £ [1, 00) be distinct. Then there is no nonzero continuous 
homomorphism from L(/ Pl (Z>o)) to L(Z P2 (Z>o)). 

Proof. Suppose <p: L(/ Pl (Z>o)) — > i(Z P2 (Z>o)) is a nonzero continuous homomor- 
phism. Use Lemma 17.51 to choose an injective spatial representation p: L M — »■ 
L(l Pl (Z >0 )) • Then 1 G p{Loo\ so ^l^x — ) * s rLOnzero : contradicting Theorem 19.21 

Corollary 19.31 does not rule out isomorphism as Banach spaces. In fact, we have 
the following result. 

Proposition 9.5. Let p £ [l,oo), and suppose i + i = 1. Let A be any of Ld 
(Definition [TT]), C d (Definition LO)) . or (Definition LO]). let (X,B,p) be a a- 
finite measure space, and let p: A — > L(L P (X 1 p)) be any representation. Then 
p{A) is isometrically antiisomorphic to a subalgebra of L(L q (X,p)), namely p'(A) 
with p' as in Lemma 12.211 

Proof. Use Lemma 12.211 and the fact that (following Notation 12. 3p one always has 



In particular, when p is spatial, p(A) and p'{A) are isometrically isomorphic as 
Banach spaces, even though (for p ^ 2) they are not even isomorphic as Banach 
algebras. 

References 

[1] G. Abrams, P. Ara, and M. Siles Molina, Leavitt Path Algebras, Springer- Verlag, to appear. 
[2] G. Abrams and G. Aranda Pino, The Leavitt path algebra of a graph, J. Algebra 293(2005), 
319-334. 

[3] G. Abrams and G. Aranda Pino, The Leavitt path algebras of arbitrary graphs, Houston J. 

Math. 34(2008), 423-442. 
[4] G. Abrams and D. Funk-Neubauer, On the simplicity of Lie algebras associated to Leavitt 

algebras, preprint HarXiv:0908.2179V 2 [math.RA]). 
[5] A. Arias and J. D. Farmer, On the structure of tensor products of l p -spaces, Pacific J. Math. 

175(1996), 13-37. 

[6] E. Berkson and H. Porta, Representations o/QS(X), J. Funct. Anal. 3(1969), 1-34. 
[7] J. Chaney, Banach lattices of compact maps, Math. Z. 129(1972), 1-19. 
[8] P. M. Cohn, Some remarks on the invariant basis property, Topology 5(1966), 215-228. 
[9] J. Cuntz, Simple C*-algebras generated by isometries, Commun. Math. Phys. 57(1977), 173— 
185. 

[10] J. Cuntz, K-theory for certain C*-algebras, Ann. Math. 113(1981), 181-197. 



60 



N. CHRISTOPHER PHILLIPS 



[11] K. R. Davidson, Free semigroup algebras. A survey, pages 209—240 in: Systems, Approxima- 
tion, Singular Integral Operators, and Related Topics (Bordeaux, 2000), Oper. Theory Adv. 
Appl. 129, Birkhauser, Basel, 20014. 

[12] A. Defant and K. Floret, Tensor Norms and Operator Ideals, North-Holland Mathematics 
Studies no. 176, North-Holland Publishing Co., Amsterdam, 1993. 

[13] J. L. Doob, Stochastic Processes, John Wiley & Sons, Inc., New York, 1953. 

[14] T. Figiel, T. Iwaniec, and A. Pelczynski, Computing norms and critical exponents of some 
operators in LP-spaces, Studia Math. 79(1984), 227-274. 

[15] W. B. Johnson and J. Lindenstrauss, Basic concepts in the geometry of Banach spaces, 
pages 1-84 in: Handbook of the Geometry of Banach Spaces, Vol. 1, W. B. Johnson and 
J. Lindenstrauss (eds.), Elsevier, Amsterdam, London, New York, Oxford, Paris, Shannon, 
Tokyo, 2001. 

[16] S. Koppelberg, Handbook of Boolean algebras. Vol. 1, J. D. Monk and R. Bonnet (eds), 

North-Holland, Amsterdam, 1989. 
[17] H. E. Lacey, The Isometric Theory of Classical Banach Spaces, Grundlehren der mathema- 

tischen Wissenschaften no. 208, Springer- Verlag, Berlin, Heidelberg, New York, 1974. 
[18] J. Lamperti, On the isometries of certain function- spaces, Pacific J. Math. 8(1958), 459-466. 
[19] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces. I. Sequence spaces, Ergebnisse der 

Mathcmatik und ihrcr Grcnzgcbiete, vol. 92, Springer- Verlag, Berlin, New York, 1977. 
[20] W. G. Leavitt, The module type of a ring, Trans. Amer. Math. Soc. 103(1962), 113-130. 
[21] W. G. Leavitt, The module type of homomorphic images, Duke Math. J. 32(1965), 305-311. 
[22] N. C. Phillips, Simplicity of UHF and Cuntz algebras on L p spaces, in preparation. 
[23] N. C. Phillips, Crossed products of L p operator algebras and the K- theory of Cuntz algebras 

on L v spaces, in preparation. 
[24] H. L. Royden, Real Analysis, 3rd. ed., Macmillan, New York, 1988. 

[25] M. Tomforde, Uniqueness theorems and ideal structure for Leavitt path algebras, J. Algebra 
318(2007), 270-299. 

Department of Mathematics, University of Oregon, Eugene OR 97403-1222, USA, 
and Research Institute for Mathematical Sciences, Kyoto University, Kitashirakawa- 
Oiwakecho, Sakyo-ku, Kyoto 606-8502, Japan. 

E-mail address: ncpOdarkwing.uoregon.edu 



